BIOS 750:  Monte Carlo and Bootstrapping Methods
Fall 2000

1.  Generalities

2. Monte Carlo methods:  intro

Generalities
1.  Syllabus

2.  Programming

3.  Projects/Grades

Monte Carlo Methods
What is Monte Carlo?   A methodology to provide empirical (approximate) solutions to a variety of mathematical and statistical problems through simulation.

Key ingredient is some element of randomness, usually through the generation of the sample.

Why "Monte Carlo"?

Story 1:

Name adopted in the 1940's when method was developed 

the roulette wheel is a simple random number generator, and 

Monte Carlo, Monaco was a prime European locale for gaming, including roulette.

Story 2:

Monte Carlo methods were systematically used as a research tool during the Manhattan project (development of the atomic bomb), 

the involved scientists simulated random neutron diffusion.  

Ulam's interest in poker and the similarity of simulation and games of chance led to the coining of "Monte Carlo" after the principality.

Where?
Monte Carlo methods used in:

business (risk analysis)

chemistry

physics

engineering

computer science

mathematics (numerical analysis)

epidemiology (modeling)

statistics

biology

everywhere else

Monte Carlo in statistics:

1.  Derive sampling distributions of new or non-standard statistics


allows assessment of critical values

2.  Compare two statistics (relative efficiency; power, robustness) 

3.  Test robustness of statistics under violations of assumptions

4.  Test theoretical derivations with controlled data

there are more...

History

The technique exists before the name, and before computers.

1777:  Buffon's needle used to estimate the value of .
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Procedure:

Construct a surface with a series of parallel lines, separated by a constant distance d.  A needle of length d is thrown onto the surface.  

If the needle lands across a line, the trial is scored as a hit.  If it lands completely in the clear space between lines, the trial is scored as a miss.  

Repeat t times.  Estimate 
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Why does this work as an estimate of ?

True statistical simulation in early 1900's:

Left middle finger length collected for 3000 criminals in Britain.  

Data were written to 3000 pieces of cardboard, which were "very thoroughly shuffled and drawn at random".

Each card was drawn at random and the data entered in a book.  This created 3000 random entries (the population).  Each consecutive set of 4 measures was treated as a random sample.  For each of the 750 samples, computed
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Plotted and analyzed these data to derive the underlying function.

Results published in 1908:

Elements in Monte Carlo simulations

1.  A model of the system (probability distributions, etc.)

2.  Random number generator

3.  Sampling rules

4.  Counting mechanisms

5.  Summarizing

In statistical simulation specifically:

1.  Define the pseudo-population

2.  Draw a pseudo-sample

3.  Compute the statistic/measure of interest

4.  Store the value or some aspect of it

5.  Repeat t times

6.  Summarize

In Student's study:

1.  A model of the system:  

Gossett states in his paper that the left middle finger lengths were basically normally distributed

2.  Random number generator

The infamous cardboard deck

3.  Sampling rules

Random samples of n=4 were generated

4.  Computing and/or Counting mechanisms

For each sample, he computed the "t" statistic

5.  Summarizing

Read the article

Example:  Expected value

A rat is trapped in a maze.  Initially he has to choose one of two directions.  If he goes right, then he will wander around in the maze for 3 minutes and will then return to his initial position.  If he goes to the left, then with probability 1/3 he will depart the maze after 2 minutes of traveling, and with probability 2/3 he will return to his initial position after 5 minutes of traveling.  Assuming that the rat is at all times equally likely to go to the left or the right, what is the expected number of minutes that he will be trapped in the maze?

(from Ross, Introduction to Probability Models, 5th edition, 1993).

wander 5 mins.

Left

exit after 2 mins.

Rat

Right

wander 3 mins.

Conditional expectation method

Let Y = number of minutes

E(Y) = E(Y|right)*P(right) + E(Y|left)*P(left)

E(Y|right) = E(Y) + 3

E(Y|left) = {2/3*[E(Y) + 5]} + {1/3 * 2}

E(Y) = E(Y|right)*P(right) + E(Y|left)*P(left) 

E(Y) = 0.5* {E(Y)+3} + 1/2{2/3*E(Y) + 10/3 + 2/3}

2E(Y) = E(Y) + 3 + 2/3*E(Y) + 4

6E(Y) = 3*E(Y) + 21 + 2*E(Y)

E(Y) = 21 mins.

Simulation approach (BASIC)

5 DIM t(10000)



preliminary

10 j = 0




statements

15 RANDOMIZE

20 FOR I = 1 TO 10000

25 t(I) = 0

30 y = INT(RND * 2) + 1

randomly chooses 1 or 2

35 IF y = 2 THEN GOTO 50
2 = left, 1 = right


40 t(I) = 3 + t(I)



chose 1 = right.  Add 3 to counter

45 GOTO 30



and return to beginning of maze

50 b = INT(RND * 3) + 1

chose 2 = left.  Now randomly 







chooses 1,2, or 3

55 IF b = 1 GOTO 70

1 = exit; 2 or 3 = wander

60 t(I) = 5 + t(I)



chose 2 or 3.  Add 5 to counter

65 GOTO 30



and return to beginning of maze

70 t(I) = t(I) + 2



chose 1.  Add 2 to counter & exit 

75 j = j + t(I)



advance trial counter

80 NEXT I



start new trial

85 PRINT j / 10000


expected number of minutes,

based on 10,000 trials

%macro montecar(iter);

%do ii = 1 %to &iter;

data one;

 k = 0;

 t = 0;

 do until (k gt 0);

   w=ranuni(0);

   x=ranuni(0);

   y= int(x*2)+1;         /*pick left or right*/

    if y = 1 then do;     /*if left*/

     b = int(w*3)+1;      /*wander or exit*/

      if b = 1 then do;   /*exit*/

       t = t+2;

       k = 1;

      end;

      else t = t+5;       /*wander*/

    end;

    else t = t+3;         /*if right*/

 end;

   output;

proc append base=output;

%end;

%mend montecar;

%montecar(5000);

data test; set output;

proc means; var t;

Analysis Variable : t 

N            Mean          Std Dev                Minimum         Maximum

-----------------------------------------------------------------

    5      14.0000000      13.4721936       2
          37

-----------------------------------------------------------------

  N            Mean           Std Dev             Minimum         Maximum

-------------------------------------------------------------------

  100      23.2100000      20.8942963       2
          89

-------------------------------------------------------------------

   N            Mean         Std Dev         Minimum         Maximum

--------------------------------------------------------------------

1000      21.2550000      20.2002977       2

122

--------------------------------------------------------------------

   N            Mean         Std Dev         Minimum         Maximum

--------------------------------------------------------------------

5000      20.9658000      20.8374823       2

191

--------------------------------------------------------------------

Distributions.

Uniform distribution.  The unit uniform distribution is the basic must-have distribution for (pseudo) random numbers.  

BASIC RND command, SAS UNIFORM  and RANUNI commands,  FORTRAN  RANUNF all produce unit uniform random fractions.

U(0,1) is distribution such that every value between 0 and 1 is equally probable.

F(x) = p(X < x) = 1


0 < x < 1

mean = 1/2 
var = 1/12

skew = 0  
kurtosis = 9/5

How can you turn a U(0,1) into a random integer between 

1 and b?

1.  Multiply by b

2.  Take just the integer part

3.  Add 1

Assume we want a number between 1 and 10 inclusive

max U(0,1) number is 0.99999...

1.  multiply by 10 to get 9.999999

2.  throw away everything after the decimal: leaves 9

3.  add 1 to get 10 

min U(0,1) number is 0.000001

1.  multiply by 10 to get 0.000001

2.  take integer part to get 0

3.  add 1

Suppose when a person comes in contact with a carrier, the probability of infection is 0.25.  Model the spread of the disease using a 2-way table, where we know the carrier contacts between 20 and 40 people a day:

For t trials:

1.  Pick a random integer (n) between 20 and 40.

2.   For j = 1 to n, pick xj~ U(0,1).  If x < 0.25, that "person" is infected.

Suppose you did this for t=20,000 trials.  You should be able to define the boundaries of a single potential carrier infection.  

Can vary the probability of infection, the number of contacts per day, etc..

U(0,1) is good for generating frequency tables, getting random numbers, assigning subjects to categories, etc.

Can use this as the basis for binomially distributed data, etc.

Normal distribution
Most languages (FORTRAN, S-PLUS, C++, etc.) and packages that allow programming (SAS, S+) have the capability to generate standard normal data.

N(0,1)

Transformation formulas from intro. stat:

Assume x ~ N(m,v)

If y = a*x + b, then y ~ N([a*m+b], a2*v)

So to get a normal distribution with a mean of 10 and std = 2,

generate a standard normal deviate and do what with it?

Other common continuous distributions:

1.  Exponential--unit exponential usually generated from functions

2.  Chi-squared--usually generated from functions; depends on df

3.  Lognormal:  

If x is N(2) then y = exp(x) is lognormal(a,b)

y~lognormal(a,b) 
a = exp(+2/2)

b = exp(2+2) [exp(2)-1]

4.  t-distribution (depends on df)
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If z is a standard normal deviate and U is a chi-squared variable with df, then 

ANOVA is robust to the violation of its assumptions.

How can you show this with a Monte Carlo study?

Friday:

Go find an example of a Monte Carlo simulation in the stats or epidemiology literature.

Try this one (via simulation):

A miner is trapped in a mine with 3 doors.  Door 1 lead to a tunnel which takes him to safety after 2 hours of travel.   The second door leads to a tunnel that returns him to the mine after 3 hours of travel.  The 3rd door leads to a tunnel which returns him to the mine after 5 hours.  Assuming that the miner is at all times equally likely to choose any one of the doors, what is the expected length of time until the miner reaches safety?

� EMBED Equation.3  ���
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