Bios 750:  Monte Carlo and Bootstrapping Methods

Fall 2000
Bootstrapping Confidence intervals

1. Standard bootstrap confidence interval

2. Percentile interval method for CI (Efron)

3. Bootstrapped-t confidence intervals

4.  Bias-corrected and accelerated Method (BCa)

Two datasets:

Aspirin and non-aspirin use and stroke:  parameter of interest (
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) is the odds ratio

Spatial Test Data (n=26)  from Efron & Tibishirani:  parameter of interest (
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) is the variance of scores from test A


Variance(
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 is itself a variance, so plugging the population formula for a variance into the above equation, you can simplify and get the appropriate formula.

Trick to make it easier:

Let Uh = 
[image: image7.wmf]26

)

A

A

(

h

i

å

-



then   Var(var) = 
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Confidence intervals
usual formula: 
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 + RC*se(
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SE is either exact (from formula) or estimated via bootstrap/jackknife, etc.

This interval (
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 - RC*se(
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)) is the standard confidence interval with coverage probability  equal (1-2() or confidence level 100*(1-2()%.
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Second order accuracy of a CI means that 

Prob{( < 
[image: image19.wmf]q

ˆ

lo} 
[image: image20.wmf]n

c

lo

+

a

»

 and Prob{( > 
[image: image21.wmf]q

ˆ

up} 
[image: image22.wmf]n

c

up

+

a

»


where clo and cup are constants.

First order accuracy means that

Prob{( < 
[image: image23.wmf]q

ˆ

lo} 
[image: image24.wmf]n

c

lo

+

a

»

 and Prob{( > 
[image: image25.wmf]q

ˆ

up} 
[image: image26.wmf]n

c

up

+

a

»


Bootstrapping confidence intervals
1.  Standard bootstrap confidence interval
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 where RC is either t or z 

Bootstrap: 
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 is the estimate from the original data and SE(
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) is estimated from the bootstrap replicates.

For aspirin and stroke data: 
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 = 1.2163 

SE = 0.1639 

95% CI = (0.895, 1.538)


B = 1000

For spatial test A data: 
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 = ?


SE = ?

95% CI = ?

Requirements:

1. 
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 has approximate normal distribution

2. 
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 is unbiased

3.  bootstrap technique gives good estimate of SE

Can estimate the bias and correct for it, so requirement 2 is not rigid

Normal?

2.    Percentile interval method for CI (Efron)

Find empirical percentiles of the bootstrap replicates and use those as the endpoints of the CI .

Aspirin and stroke data:

B = 1000 

need 0.05*200 = 50th and 950th ordered 
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95% CI about OR:  (0.975, 1.528)

Spatial test A data?

Pros:  This method is invariant with respect to transformation (transformation respecting).

Range-preserving (limits maintained).

Cons:  no pivot; asymmetric intervals.

Aspirin data:

95% CI = (0.895, 1.538)
for standard method

95% CI = (0.975, 1.528)  for percentile method

Which to use?  If distribution of 
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* is fairly normal, should get about the same answers.

If not?

Suppose sample is from standard normal distribution, with n = 10.

Parameter of interest is y = exp(().  

Data:  -1.9604,   0.6558,   0.3598,  -0.0292,  -0.0199,   0.7744,  

-0.1458,  -0.1127,   1.8461,   1.2553

mean = 0.26234

based on sample, 
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(population y = 1.0)

With B = 1000 samples:

SE = .8693

Using standard:  95% CI = (-0.4038, 3.0038)

Using percentile:  95% CI = (0.7621, 3.5089)

Minimum value for exp(x)?

Percentile method is Range preserving; standard is not.

Suppose we transform the data to normality, so use mean(x) rather than 
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 = exp(meanx).  Find the CI, then back-transform.

Using standard:  

95% CI = exp(-0.6320, 1.1567) = (0.5315, 3.1794)

Using percentile:  

95% CI = exp(-0.2716, 1.2553) = (0.7621, 3.5085)



exact same as before

Percentile method is transformation-respecting.

Coverage probability:  % of times true value of ( fall inside CI






number of times






left miss
right miss

coverage

Standard method 

6

124


87.0%



(transformed)

Percentile method

49

  19


93.2%



3. Bootstrapped-t confidence intervals

Usual CI: 
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 where RC is either t or z.
Use z when n is large, otherwise t.

Reliability coefficient depends on normality.  

If data are non-normal, construct sample-specific "t table" to get reliability coefficent.

Procedure:

Compute 
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 from the original sample.

Generate B bootstrap replicates.

For each, compute 
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For each sample, compute 
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Order the z*(b)'s and find the 5th and 95th percentiles.

Use these values as the reliability coefficient in computation of the confidence interval.

Example:  spatial test A data:

Let Uh = 
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then   Var(var) = 
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from data:  
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 = 174.9822

U4  = 74709.66


se = 41.1801

so 95% CI = (174.9822 - tb,.05*41.1801, 174.9822 + tb,.95*41.1801)

Pros:  looks familiar

Cons:   

To apply to median, other statistics, would have to bootstrap each bootstrap replicate to get the se*(b).    

Erratic performance with small sample, nonparametric type data.

Not transformation-respecting.

4.  Bias-corrected and accelerated Method (BCa).

Improvement on percentile method
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( is the standard normal cumulative distribution function and z() is the 100* percentile of the standard normal

((1.645) = 0.95


z(.95) = 1.645

(-1(.95) = 1.645
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 corrects for bias
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Mouse data:  median computed from sample was 94.

377 replicate medians were < 94, so  
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 is the acceleration, or rate of change of the SE(
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"It is not at all ovbious why the formula should provide an estimate of the standard error:  some discussion of this may be found in Efron (1987)."  (Efron & Tibshirani, 1993, p. 187).

Jackknife median of Mouse data  (k = 1)
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2=((1.2644) = 0.8970

95% BCa CI will extend from the 3rd ordered bootstrap estimate to the 897th:

(16, 99)

Pros:

BCa is highly accurate when compared to exact CI's (2nd order accuracy)

Fast approximation available:  ABC method  (but only for "smooth" functions, not median)

Transformation-respecting

Cons:

B must be big  (1000 is good)

bootstrap-t is second-order accurate but not transformation respecting

Percentile interval method is transformation-respecting but only first order accurate   (Hall (1992) offers another version of percentile interval method).

"Standard" method is neither transformation-respecting or first (or second) order accurate.

Comparing CI's

1.  Coverage probabilities

2.  length where length = 
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3.  shape, where shape = 
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    (measure of symmetry)

For next class:

Compute the CIs for the difference in test scores (B-A) using the 4 methods above.  Compute length, coverage probability, and shape for each as well.
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