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where the second term in the exponent arises from the cells that freeze 
spontaneously.  An analogous term is not present in Eq. (1) due to the 
fact that the size of the initial nucleus is neglected in conventional 
JMA theory.  Thus, we will describe the kinetics of IIF using the 
transformation 

 ( ){ } knPIIF lnln1lnln 1 +⋅=−− − ττ  (6) 

where k=α and n=2 for IIF in a one-dimensional tissue.  Note that τ 
can be estimated from experimental data as previously described [1], 
so Eq. (6) should prove useful for analyzing experimental data.   

RESULTS AND DISCUSSION 
To test our method for analyzing the kinetics of IIF in tissues, we 

simulated intracellular ice nucleation and intercellular ice propagation 
using Monte Carlo techniques, as previously described [2].  Figure 1 
shows the probability of IIF in one-dimensional tissues (each 
consisting of 1,000 cells), transformed using Eq. (6), for various 
values of the propagation rate α.  As seen, the transformed curves are 
approximately linear, except for deviations and random scatter during 
the initial stages of IIF.  A less pronounced deviation can sometimes 
also be observed near the end of the transformation.  These deviations 
are expected, whereas the continuum approximation will not be valid 
when there are only a small number of frozen cells (or unfrozen cells).  
Linearity improves for larger tissues, or if data from an ensemble of 
multiple identical tissues are aggregated (data not shown). 

Aggregate IIF data for linear cell arrays comprising a total of 105 
cells were obtained by numerical simulations at various values of α 
and various tissue sizes.  The Avrami coefficient k and exponent n 
were obtained by linear regression to the data transformed using 
Eq. (6).  As shown in Fig. 2, the Avrami coefficient was 
approximately equal to the expected value of n=2, for α≥1, for all 
tissue sizes.  Similarly, Fig. 3 shows that the Avrami coefficient 
measured in the numerical experiments was approximately equal to the 
expected value k=α.  For α<1, the value of n appears to decrease with 
decreasing α, which is consistent the theoretical result that n=1 for the 
limiting case α=0. 
 

 
Figure 1.  Kinetics of IIF in a one-dimensional tissue of 
1,000, transformed using a modified Avrami equation 

(Eq. 6). 
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Figure 2.  Avrami exponent for IIF in one-dimensional 

tissues of various sizes.   The dotted line represents the 
theoretical result n=2. 
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Figure 3.  Avrami coefficient for IIF in one-dimensional 
tissues of various sizes.  The dotted line represents the 

theoretical result k=αααα. 

CONCLUSION 
A modified Avrami theory which takes into account the non-

negligible contribution of nuclei to the transformed fraction can be 
used as a continuum approximation for ice formation and propagation 
within confluent tissues.  By extending the present analysis to two- 
and three-dimensional tissues, models will be obtained that can be 
used to simulate IIF in macroscale tissues, as well as to estimate the 
magnitudes of Ji and Jp by fitting model predictions to experimental 
observations. 
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