


SOLUTION APPROACH 
 In a typical problem, the artery is assumed to be uniformly 
prestressed, while the fluid moves at a constant speed vf∞.  It is upon 
this background state that the solitary pulse travels.  We consider a 
traveling wave and seek a solution of the form 

 u =  u(x,t) = u(x � ct) = u(ξ) (5) 

 w = w(x,t) = w(x � ct) = w(ξ) (6) 

where c is the wave speed and ξ = x � ct.  We can now substitute 
equations (5) and (6) into equations (1), (2), (3) and (4), leaving: 

 [σ1(1+u′)/((1+u′)2 + w′2)]′ - (p/h)(1 + w/R)w′ = ρcu′′ (7) 

[σ1w′/((1+u′)2 + w′2)]′ - σ2/(R+w) + (p/h)(1 + w/R)(1+u′) = ρcw′′ (8) 

 (vf  � c)w′ + 1/2(R + w)vf' = 0 (9)  

 ρf(vf �c)vf' + p' = 0 (10) 

It is a fortunate circumstance that equations (9) and (10) can be 
integrated exactly to obtain an explicit connection between pressure 
and radial displacement.  A straightforward integration yields 

 p = p∞+ (1/2)ρf(c - vf∞)2[1-(R /(R + w))4] (11) ] (11) 

where w∞, p∞, and vf∞ are known conditions at infinity.  This rather 
sophisticated pressure-displacement coupling could be substituted into 
equations (7) and (8), producing a two equations in terms of w and u 
and their derivatives. 
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Variational FormulationVariational Formulation 
 By casting this problem in a variational framework, it is possible 
to find explicit first integrals of the governing equations.  The first 
integral then allows the speed, amplitude and shape of the solitary 
wave to be determined using the direct solution approach [6]. 
 A variational formulation is found by searching for a Lagrangian 
density whose associated Euler-Lagrange equations are (7) and (8) 
with p given by (11).  It can be verified that the function 

L = (1/2)ρc2(u'2 + w'2) - Σ(u,w)  

   + ((1 + u')(R + w)2/2hR)[p∞+ (1/2)ρf (c - vf∞)2(1 + (R/(R  + w))4)] (12) 
 
is the Lagrangian for the governing equations.  Σ(u,w) is the strain-
energy density for the artery. 
 Using the derived Lagrangian, we can exploit the theorem of 
Noether to find first integrals for the governing equations.  From 
Noether�s Theorem, we find that two first integrals can be found from 
the functions 

 ∂L/∂u′ = C1 (13) 

 L � (∂L/∂u′)u′ -  (∂L/∂w′)w′ = C2 (14)   

By executing equations (13) and (14) on equation (12) we find that the 
first integrals can be represented as 

 F(u′, w, w′2) = 0 (15) 

 G(u′, w, w′2) = 0 (16) 

The implicit function theorem allows us to eliminate u′ from (15) and 
(16) and to write the result as a function of the form 

 w′2 = fc
 (w) (17) 

 For a solitary wave solution to exist, equation (17) must have a 
double root at zero and single real root at w = wmax.  If these roots can 
be found, then wmax is the amplitude of a solitary.   The value of u′max 
is found by substituting w′2 = 0 and w  = wmax into either (15) or (16) 
and solving for u′.  The shape of the solitary wave can then be found 
by simple numerical integration of the original governing equations 
with w = wmax and u′ = u′max as the initial conditions.  
 
Numerical Example 
 We begin this example by selecting a representative wave speed 
of c = 7, which corresponds to the case considered by Demiray [2] and 
Epstein and Johnston [4].  We set the initial prestrains of the artery to 
1.2 in the radial direction and 1.5 in the axial direction.  The strain 
energy density function Σ, is chosen to be the D1 equation for arteries 
used by Demiray [2].   Substituting this into the governing equations 
and determining the variational formulation, we find a solitary wave 
with the shape shown in figure 1.  
 

 
Figure 1. Calculated shape of the solitary wave 

 
CONCLUSIONS 
 By considering the governing field equations directly, the speed 
and amplitude of solitary waves can be found by simply finding the 
roots of an algebraic equation.  The shape of the wave is found 
through a simple numerical integration.  This approach is also 
applicable in the large deformation regime. In spite of its extra 
complexity, the variational formulation with its attendant conserved 
quantities permits a solution to the exact equations to be obtained.   
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