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Abstract

Individuals are overcon�dent, especially those in positions to in-
�uence outcomes. Overcon�dence on the part of portfolio managers,
can have severe consequences given the size of holdings of �nan-
cial institutions. The impact of hiring an overcon�dent manager is
studied here within the standard principal-agent framework. When
compensation is endogenously determined, I �nd that investors can
bene�t from managerial overcon�dence. Overcon�dence induces a
higher level of e�ort until the e�ects of restrictions on portfolio for-
mation take over. Further, by increasing the incentive fee and shar-
ing more risk the investor can curb excessive risk taking. However,
excessive overcon�dence is detrimental to the investor.
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Introduction

In modern �nancial markets, the role of a �nancial institution has increased a
great deal. Looking at the 13F �lings, Lewellen (2011) concludes that by the
end of 2007 institutional investors held about 68%, up from 32% in 1980, of
the overall market value of US common equity. Yet, in his presidential address
Franklin Allen (see Allen (2001)) argues that there is very little discussion re-
garding the agency problems created in these institutions. Here, I analyze one
such agency issue and its implications.

There is overwhelming evidence that points to the existence of behavioral
biases and irrationality in investor's investment decisions (see Shleifer (2003),
Barberis and Thaler (2003), and Subrahmanyam (2008) to survey the recent
�ndings). One of the most well identi�ed and widely studied behavioral biases
is investor overcon�dence (see Odean (1998), Daniel, Hirshleifer and Subrah-
manyam (1998), Barber and Odean (2001), and Gervais and Odean (2001)).
Although well documented, most empirical studies and theoretical models limit
their focus to overcon�dence in individual investors who are not necessarily the
marginal investor. In this paper I overcome this limitation and analyze the role
of such biases in �nancial institutions.

It is quite common for �nancial institutions to delegate the decision of portfo-
lio formation to professional managers. Delegation is optimal because managers
possess superior skills that allow them to collect and process information re-
garding the movement of security prices. The problem faced by an investment
company in hiring an overcon�dent manager is studied here.1 Bhattacharya and
P�eiderer (1985), in their seminal paper, consider the problem of delegation in
portfolio management. They propose a compensation contract that screens
agents based on their privately known ability. The above contract also elicits
truthful revelation of their private signal from the manager. The economically
relevant question in the current paper is whether screening overcon�dent man-
ager is in the best interest of the investor or can hiring such a manager improve
investor's welfare?

I study the above question within the standard principal-agent framework.
A risk averse principal, who is aware of the manager's biases, sets the contract
parameters and o�ers this to the agent. If the contract is feasible to the risk
averse manager, he accepts it and exerts e�ort. The manager then observes a
signal and updates his beliefs about the distribution of the future states of world.
An overcon�dent manager updates his beliefs in a biased way and wrongfully
estimates the precision of the noise in his signal and hence also the precision of
the ex-post distribution of the risky asset's returns. An overcon�dent manager,
when compared to a rational manager, also believes that the mean return of the
risky asset is much higher i.e., in the direction of the signal. These two e�ects
closely re�ect the notion of overestimation and overprecision discussed in Moore
and Healy (2008). Based on his beliefs, the manager makes a decision about the
riskiness of the portfolio. His decision is clearly going to be di�erent from that

1In what follows the manager who makes the portfolio decision is also called the agent.
The principal who hires the manager is often referred to as the investor.
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of a rational person. I derive the comparative statics of hiring an overcon�dent
manager within this framework.2 In this article, I do not solve for the optimal
contract conditional on hiring an overcon�dent manager. Instead, I evaluate the
decision of hiring an overcon�dent manager within the standard compensation
structure used in the industry.3 Although the nature of the contract is assumed,
the contract parameters are still determined endogenously.

In order to highlight the di�erent e�ects of overcon�dence, I study the prob-
lem in two distinct scenarios. First, I solve the problem in the case where there
are no constraints on the portfolio holdings of the manager. Also, in order to
isolate the e�ects of di�erences in risk preferences of the manager and the in-
vestor, I begin by assuming that they have identical utility functions including
their risk aversion levels. In this case (�rst best), I �nd that the investor is
always better o� hiring an overcon�dent manager. Since an overcon�dent man-
ager overestimates the extent to which his actions in�uence the �nal outcome,
for any given level of compensation, he is always going to exert a higher level
of e�ort. In spirit, this set up is very similar to that of Stoughton (1993). Sim-
ilar to his �ndings, the optimal e�ort here is not a function of the incentives
provided in the contract. Although a perverse result, the �rst best scenario
captures the essence of the gains from employing an overcon�dent manager as
it eliminates all other e�ects. The principal gains from higher managerial e�ort.
Moreover, the principal is able to use the incentive parameter in the contract to
choose the exact quantity of risky assets that he desires. Therefore, there is no
sub-optimal risk taken on account of hiring an overcon�dent manager. Overall,
the investor's expected utility is higher from hiring an overcon�dent manager
than from hiring a rational one.

Second, I introduce an additional exogenous constraint to the manager's
portfolio problem. It is often the case that portfolio managers face restrictions
on their portfolio choices. Almazan, Brown, Carlson and Chapman (2004, Table
1) extensively document the di�erent kinds of restrictions and the percentage
of funds that face these restrictions. These restrictions include constraints on
short-selling, buying on margin, and on borrowing. A non trivial 91% of the
funds face constraints relating to buying on margin and about 69% of the funds
do not allow short selling. It is important to study this constrained problem
as it has serious rami�cations for e�ort choice and for overall expected utility.
Dybvig, Farnsworth and Carpenter (2010) also stress on the importance of trade
restrictions to the optimal contract design problem.

In the second problem, the optimal e�ort level is an increasing function of
the performance adjustment component. Earlier, in the �rst best case, the man-
ager was able to undo the e�ects of incentives by changing his portfolio decision.
That is why the incentives provided by investor did not matter for the man-
ager's equilibrium e�ort choice (see Stoughton (1993) and Admati and P�eiderer

2The standard problem of moral hazard exists here as the investor cannot observe the
manager's e�ort level. Therefore, the compensation contract cannot be dependent on the
level of e�ort.

3Although most of the paper uses the case of linear performance incentive, analysis for
convex structure is also presented.
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(1997)). However, the presence of portfolio constraints restricts the choice of the
portfolio manager and thereby limits his ability to reverse the e�ects of incen-
tives (see Gómez and Sharma (2006) for further explanation). Importantly, the
equilibrium e�ort is not strictly an increasing function of the manager's over-
con�dence anymore. There are opposing forces at play here. First, given his
perceived marginal bene�t of e�ort, the manager is always going to put in more
e�ort because according to his beliefs his signal's precision becomes sharper and
hence also increases the expected utility. Second, the opposing e�ect comes
from observing that the constraint on portfolio holdings is more binding on an
overcon�dent manager than on a rational one. When there are no restrictions
on the portfolio holdings, for any given level of e�ort and a given signal, an
overcon�dent manager always demands a higher absolute quantity of risky as-
sets. However, when constraints on portfolio formation are imposed, the set
of signals for which the manager can demand his utility maximizing quantity
shrinks. Hence he is at the boundary of allowed quantity more often, when
compared to a rational manager. The manager does not derive any bene�t from
his additional e�ort and therefore is bound to reduce the optimal e�ort. As a
result of these two e�ects the equilibrium e�ort increases in overcon�dence until
a point after which it decreases.

Since an overcon�dent manager perceives, in a biased way, the marginal ben-
e�t of his e�ort to be higher he is also likely to demand a higher reservation
wealth in expectation. Even though the reservation utility of the managers are
exogenously speci�ed, the model allows for the required wealth to employ a
manager to be increasing in his level of overcon�dence. Overall, it is still ben-
e�cial for an investor to hire an overcon�dent manager, but only until a point.
Beyond this level of overcon�dence the investor's expected utility diminishes.

There is abundant evidence in psychology literature that individuals in dif-
ferent professions including clinical psychology, medicine, investment banking,
entrepreneurship, and law exhibit overcon�dence in their abilities and overesti-
mate the precision of their knowledge4. According to Moore and Healy (2008)
the manifestation of overcon�dence happens in three distinct ways. First, over-
estimation, where the manager overestimates his ability. Second, overplacement,
where the manager believes himself to be better than others. The emphasis here
is on relativity. Third, overprecision, has to do with excessive certainty regard-
ing the accuracy of the belief. One of the main factors for such bias is the
illusion of control that managers have (see Weinstein (1980)). In other words,
of the outcomes that managers can in�uence, they perceive that the level of
their in�uence is higher than what is true in reality. In the current paper, most
of these facts have been taken into account while modeling overcon�dence.

Several empirical studies have also identi�ed the existence of overcon�dence
and have highlighted its implications. Most of these studies focus on individual
investors. Barber and Odean (2001) use di�erences in gender as a proxy for
the extent of overcon�dence and report that men, who have shown to be more
overcon�dent in areas such as �nance, trade more often and also earn a lower net

4Odean (1998) provides an overview of overcon�dence literature.
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return than women. Barber and Odean (2002) �nd that once traders move from
a traditional phone based system to a modern online trading system they trade
more actively, more speculatively and earn a lower return. They attribute this
to investor overcon�dence. Grinblatt and Keloharju (2009) corroborate these
results using personal characteristics and trade level data on individuals from
Finland.

The literature pertaining to the problem of contracting in delegated portfolio
management is also rich and relevant to the current work. Bhattacharya and
P�eiderer (1985) present a model to screen the managers by their ability. Since
the focus of the current paper is to understand the e�ects of overcon�dence,
manager's ability is assumed to be common knowledge through out the paper.
Heinkel and Stoughton (1994) study a dynamic model of portfolio management
contracts. They present a model of adverse selection and moral hazard in which
the hiring client does not know the quality or the skill of the manager being
hired and they also cannot observe the e�ort exerted by the manager. In these
circumstances they derive a contract which partially reveals the type of the
manager initially but complete revelation and contract renegotiation happens
only after subsequent performance evaluation. Although Heinkel and Stoughton
(1994) have a tractable model, their results crucially depend on the simplifying
assumption regarding the risk neutrality of the all the agents. More recently, Dy-
bvig et al. (2010) derive that when the markets are complete and when there are
trade restrictions in place a simple linear contract with benchmarking emerges
as the optimal contract. This contract structure turns out to be the optimal
in all cases except when the manager observes extreme signals. In such cases,
additional incentives must be given to the manager in order to ensure that he
does not undo the leverage e�ect of benchmarking by incorrectly reporting the
observed signal. The work of Palomino and Sadrieh (2011) is probably the clos-
est and most related to the results presented in this paper. Although they also
solve a model of moral hazard where the portfolio manager is overcon�dent, the
focus of their paper is to solve for the optimal contract. They design a contract
in which the manager truthfully reveals his signal or in other words trades the
quantity that is exactly desired by the principal. There are two main shortcom-
ings of their paper. First, there are no trade restrictions implicit in their model
(see Haugen and Taylor (1987),Gómez and Sharma (2006), and Dybvig et al.
(2010) for the importance of having these restrictions in the contract). Second,
the truth telling contract they propose are not commonly found in the mutual
fund industry (see Ma, Tang and Gómez (2016)).

Although the current paper focuses on delegated portfolio management, the
idea of an overcon�dent manager and a rational investor can be extended to an
overcon�dent CEO representing the shareholders of the �rm. In the corporate
�nance literature, the role of an overcon�dent CEO has been studied in many
ways. Galasso and Simcoe (2011) focus on the in�uence of overcon�dence on �rm
innovation. Malmendier, Tate and Yan (2011) study the role of overcon�dence in
the �nancing decisions of the �rm while Billett and Qian (2008) and Malmendier
and Tate (2008) do the same for acquisition decisions. Goel and Thakor (2008)
analyze the impact of overcon�dence in a corporate governance setting where
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there is a tournament for CEO selection. Amidst these �ndings, the direction
that is most pertinent to the subject matter discussed in this paper would be
the e�ect of overcon�dence on CEO's investment decisions. Note, there exist a
few distinctions between the delegated portfolio management and the corporate
�nance setting. When a CEO encounters a negative NPV project he cannot
�short� the investment project. Also, often, the decision that the CEO makes
is whether to accept or reject a project. There is no continuum of risk levels to
choose from, as in the case of a portfolio manager.

Following Heaton (2002), Malmendier and Tate (2005a) present a model of
an overcon�dent CEO making an investment decision5. The objective of their
paper is to explain the widely observed investment-cash �ow sensitivity. Man-
ager's overcon�dence is attributed as the main reason for the above phenomenon.
An overcon�dent manager thinks that the mean return of the project is higher
than what is rationally expected and so is bound to over-invest. However, he
is also reluctant to raise capital from outside sources because he perceives the
value of the company as undervalued by the market. Two distinct outcomes
are realized from this set up. If the �rm has su�cient internal funds then
over-investment takes place. If the �rm does not have su�cient internal funds
then even the projects having a positive NPV are not undertaken. Overall, in
the above model, CEO overcon�dence leads to a sub-optimal outcome for the
shareholders. The results of Malmendier and Tate (2005a) are in stark contrast
to the results presented in this paper where hiring an overcon�dent manager
increases the investor's expected utility. Unlike Malmendier and Tate (2005a),
Gervais, Heaton and Odean (2011) take the managerial compensation also into
consideration while evaluating the CEO's investment decisions in the presence of
overcon�dence. They solve for the optimal contract and report the implications
of hiring an overcon�dent manager. Gervais et al. (2011) �nd that the value of
the �rm is strictly increasing in CEO overcon�dence (see Gervais et al. (2011,
Proposition 2)). As overcon�dence increases it �reduces� the a�ect of risk aver-
sion and therefore high powered incentives can be given to engage the CEO in
the contract. Further, when outside labor market is included in the model, they
�nd that the overcon�dent managers also get a share of some of these bene�ts.
The results of Gervais et al. (2011) are along the lines of the non-monotonic gains
to overcon�dence presented in this paper. The di�erence is that the focus of the
current paper is on delegated portfolio management issues and it deals with the
consequences of moral hazard and constraints on portfolio formation faced by
the managers. Another important advantage of the the model presented here
is that managerial e�ort is endogenously chosen as opposed to Gervais et al.
(2011) where the manager's skill is exogenously speci�ed. Overall, the channels
through which the implications of overcon�dence are presented here are vastly
di�erent.

The main contribution of the current paper is towards understanding the im-
plications of agent's overcon�dence on the contract parameters and on the hiring

5In addition to the model, the paper also provides an unique method to evaluate CEO
overcon�dence. Empirical results are also presented to support their claims. Malmendier and
Tate (2005b) provides further empirical results in support.
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decisions in a delegated portfolio management setting. There is empirical evi-
dence of overcon�dence amongst fund managers (see Choi and Lou (2010)). The
obvious question then is why are such managers not screened. Using a standard
principal-agent model I present two potentially con�icting e�ects of overcon�-
dence and �nd that, from an investor's perspective, there are gains to hiring an
overcon�dent portfolio manager. These results point to the mechanisms that
are used to mitigate some of the agency problems in �nancial institutions and
also explains why in equilibrium overcon�dent portfolio managers continue to
exist. The remainder of the paper is organized as follows. Section 1 presents
the details of the model and the assumptions that have been made. In Section
2 I solve the model. Implications of the �rst best case and the second best case
are also discussed here. The proofs pertaining to the claims made are provided
in the Appendix. Section 3 has the concluding remarks.

1 Model

The model captures the contracting problem between an investor and a port-
folio manager. In the interest of understanding the e�ects of overcon�dence
no additional layer of agency is modeled here. I abstract away from all other
agency problems by assuming the investment adviser, the board of directors of
the fund, and the individual investors as one unit. The model presented in this
paper has borrowed a great deal from the one described in Gómez and Sharma
(2006) and in spirit uses the same technology as in Ross (1973).

1.1 Problem description and preferences

The investor (principal) and the manager (agent) are both risk averse. They are
assumed to have a negative exponential utility function where a and b are the
absolute risk aversion coe�cient of the manager and investor respectively. Both
a and b are non-negative real numbers. The contracting problem begins with the
investor seeking to hire a manager who is to employ his skills and extract private
signals about the future market prices. The investor strategically chooses the
contract parameters. In this article I do not solve for the shape of the optimal
contract. Instead, I take the contract form, commonly found in the mutual fund
industry, as given and study the choice of contract parameters and evaluate the
implications of the hiring decision.6 The fees have two components a �xed �at
fee, F and a performance adjustment fee which is governed by a parameter α.
The investor has $1 to begin with and requires the portfolio manager to invest
this sum.

6In this context, it is also important to note that The Investment Advisor's Act of 1940
places strict restrictions on the nature of compensation contracts allowed. However, this
restriction is applicable only to the investment advisors and not to the portfolio managers
hired by the these advisors. Consistent with the regulation, most advisory contracts in the
mutual fund industry, are linear (see Das and Sundaram (1998) and Elton, Gruber and Blake
(2003)). Recently, Ma et al. (2016) document the nature of contracts found amongst portfolio
managers.
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The manager has two assets to choose from. He has the option of investing
in a risky asset which yields the net return of x̃ or investing in the risky free
asset. The performance adjustment fee is paid when the returns are in excess
of a benchmark. The performance fee is assumed to be benchmarked against
the risk free bond, the net return of which is normalized to be zero. Once the
contract parameters are o�ered to the manager, the manager decides to accept or
reject the contract based on whether his unconditional expected utility meets
the reservation utility. The game ends if the manager refuses to accept the
contract. Competition in the managerial labor market is not explicitly modeled
here. But, the reader could think that the reservation utility represents the
utility from the equilibrium compensation. If the contract is accepted then
the manager strategically chooses a level of e�ort, e, to be exerted. The e�ort
expended allows the manager to observe a random signal , ỹ, which is correlated
with the future states of the world and hence the returns on the risky asset.
After observing the signal the manager picks the level of risky assets, θ(y), in his
portfolio. All the above decisions are made at the beginning of the period. After
the portfolio is formed, the payo�s are realized at the end of the period. At this
point the contract is settled. It is further assumed that there is no renegotiation
that happens between the investor and the manager at any intermediate point.

Since both the investor and the manager are risk averse they maximize the
expected utility of their respective terminal wealth. The terminal wealth of
the manager depends on the level of risky assets in his portfolio. The manager
is going to get a �xed compensation F , and also a share, α, in the di�erence
between the fund's value, (1+θx̃), and the $1 invested in the risk free rate. The
terminal wealth of the manager is given by

W̃M (y) = F + αθx̃. (1)

Moral hazard in the model is motivated by the fact that unobservable e�ort is
costly and is a source of disutility to the manager. The cost function, V (a, e),
is a convex increasing function in e�ort. Following cost function is assumed

V (a, e) = ae2. (2)

It is standard in this literature to assume a quadratic cost function as it is
continuous, increasing, and is twice di�erentiable. The terminal wealth of the
principal is the value of the portfolio at the end, net of the compensation to the
manager. It should equal to (1 + θx̃)−F −αθx̃. Ignoring the initial capital, as
it does not a�ect the maximization problem, following is the terminal wealth of
the investor

W̃I (y) = (1− α) θx̃− F. (3)

1.2 Rational and overcon�dent manager

The prior distribution of the net returns on the risky asset, x̃, is common knowl-
edge and follows a standard normal distribution. The signal, ỹ, is assumed to
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be a noisy indication of the future returns and is given as

ỹ = x̃+ ξ̃ (4)

where ξ̃ is the noise term. Obviously, the higher the noise in the signal the less
precise it is about the future returns. It is further assumed that higher levels of
e�ort helps in reducing the noise in the signal. In other words, the variance of
the noise term is decreasing in the level of e�ort i.e., ξ̃ ∼ N

(
0, 1

e

)
. Stoughton

(1993) also shares a similar modeling assumption.7 Based on these assumptions,
for any chosen level of e�ort, the distribution of signal is ỹ ∼ N

(
0, 1+e

e

)
. Note,

the precision of the signal is increasing in manager's e�ort. In this model the the
manager is assumed to be Bayesian. So, after observing the signal the manager
updates his beliefs about the distribution of the risky asset's return8 to

x̃|y ∼ N
(

e

1 + e
y,

1

1 + e

)
. (5)

The above beliefs are that of a rational manager. An overcon�dent manager
is going to believe that the marginal productivity of his e�ort is higher than
what it truly is. An overcon�dent manager believes that for any level of e�ort
that he chooses, following is the distribution of the noise in his signal

ξ̃ψ ∼ N(0,
1

ψe
) (6)

where ψ ≥ 1 is the level of overcon�dence. A higher ψ implies that the agent is
more overcon�dent. In the case when ψ = 1 we are back to the rational world.
An overcon�dent manager assumes that his e�ort reduces the variance in the
noise term much more than a rational manager does.

One of the possible criticism of the above set up is that overcon�dence is
exogenously speci�ed. To mitigate this concern, the reader should think of this
game as one of the many periods in a multi-period game where nobody, including
the manager himself, knows the true ability of the manager. They update
their beliefs about his ability after every round of trading. The overcon�dent
manager updates his belief in a biased way where undue amount of credit is taken
by him in instances of success but proportional responsibility is not taken for
failure. The investor, however, rationally updates his beliefs about the manager.
Gervais and Odean (2001) show that this mechanism, often referred to as the
self attribution bias, endogenously leads to overcon�dence. Therefore, the model
presented here is just the nested version of the above described framework. This
abstraction is useful as I use a simple model to present important e�ects of
managerial overcon�dence. What really matters for the analysis is that there is
heterogeneity in beliefs; the source of it is less relevant. Given the above beliefs

7It is probably fair to assume that the productivity of e�ort depends on skill of the
manager. However, in order to make the larger point of the paper the skill level has been
assumed to be cross-sectionally the same.

8This is the conditional normal distribution of the returns given e�ort and the signal.
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the overcon�dent manager is going to have the following as the conditional
distribution for return

x̃|y ∼ N
(

eψ

1 + eψ
y,

1

1 + eψ

)
. (7)

In this model, there is heterogeneity in beliefs because the portfolio managers
are assumed to be overcon�dent while the investors are rational. The focus of
the paper is on their interactions while contracting. Another useful feature of
the model is that it can also incorporate agent undercon�dence. Moore and
Healy (2008) detail studies that �nd undercon�dent agents. Although I don't
explicitly tackle such a bias here, the model can address such a problem by
extending the domain of the parameter ψ to zero . For values between zero and
one the agent would be identi�ed as undercon�dent.

2 Unconstrained and Constrained problem

2.1 First Best

In order to solve his problem, the investor must �rst solve the manager's problem
and understand implications of overcon�dence on the variables of the manager's
choice. Here, in the �rst best case, the manager strategically chooses a level of
e�ort and also the quantity of risky asset in an unconstrained way. For any
given level of e�ort and signal the manager is going to maximize his conditional
utility by choosing an utility maximizing quantity. Solving the manager's utility
maximization problem we get the following expression for the optimal quantity
demanded9

θ =
eψ

aα
y. (8)

First, the proportion of wealth invested in the risky asset is an increasing
function of the manager's overcon�dence and e�ort and is, sensibly, decreasing
in the level of his risk aversion. Second, as expected, a higher positive signal
implies that a larger proportion of the wealth is invested in the risky asset.

The next step in this method of backward induction is to solve for the agent's
equilibrium e�ort. The manager has to weigh the marginal bene�t of e�ort,
which is a higher signal precision, against the marginal cost of e�ort. The
following equation represents the unconditional expected utility function of the
manager.

Em(U |e) = − exp{−aF + V (a, e)}.g(e) (9)

where g(e) =
(

1
1+eψ

) 1
2

. Section A.2 of the appendix provides the detailed

proof. It is evident from the above equation that manager's expected utility

9See the appendix for proof
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is increasing in the function g(e). Also notice that in the above equation the
unconditional expected utility of the manager is not a function of the incentive
parameter α. In a related paper, Stoughton (1993) also points out that linear
contracts cannot be used to induce a higher e�ort from the manager. Overall,
the optimal e�ort that maximizes the manager's expected utility should solve
the following �rst order condition

V ′(a, efb) =
ψ

2
(

1

1 + ψefb
). (10)

Since the expected utility function was not dependent of α, the optimal e�ort
is also not going to be a function of the incentive parameter. The question that
is of interest to this paper is the response in e�ort choice to changes in level
of overcon�dence. Since the overcon�dent manager thinks that the precision
of his signal is high, he is bound to overestimate the marginal bene�t of his
e�ort. Therefore the point of indi�erence between marginal utility of e�ort and
marginal cost of e�ort is going to be at a higher e�ort level than what it is for
a rational manager. The following Proposition states it.

Proposition 1. Given any contract (α, F ), the optimal e�ort, efb, of the man-
ager is increasing in overcon�dence, ψ.

The proof to the proposition is provided in the Appendix.10 The fact that
the e�ort is increasing in overcon�dence also has to do with the modeling as-
sumptions of complementarity between e�ort and overcon�dence. Although in
some instances they could be thought of substitutes, there is overwhelming evi-
dence of their complementarity. Bénabou and Tirole (2002) provide a summary
of di�erent �ndings in this regard. They argue that substitutability typically
occurs when the reward for performance is of a "pass-fail" nature; which is not
the case here.

After solving the manager's problem the investor gets to chose the contract
parameters α and F . The investor chooses these parameters to maximize his
unconditional expected utility which is dependent, obviously, on the manager's
actions. The incentive compatibility constraint in equation (10) has to be sat-
is�ed. Further, I assume that the investor and the manager have the same
level of risk aversion a. This is done to study the e�ects of overcon�dence in
isolation and to exclude any confounding e�ects arising from the di�erences in
agent's risk preferences. The investor in the model is rational. Therefore the
distributions used in computing his expected utility is that of a rational person.
While deriving the investor's expected utility function I de�ne the following two
functions

m(α) =
(1− α)

α
ψ,

10We can also solve the �rst order condition in equation (10) for the optimal level of e�ort.

The optimal e�ort (efb) is equal to
−a+
√
aψ2+a2

2ψa
. It is easy to show that this e�ort function

is positive and increasing in ψ.
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M(α) = m(α)(2−m(α)). (11)

Following is the investor's unconditional expected utility and the steps to de-
riving it is provided in the appendix (see Section A.4).

Ei(U) = − exp{aF}
(

1

1 + eM(α,ψ)

)1/2

. (12)

The investor also has to ensure that the minimum reservation utility is paid in
order to secure the manager's participation. The following is the participation
constraint.

− exp{−aF + V (a, efb)}
(

1

1 + efbψ

)1/2

= −Uo. (13)

Solution to the optimization problem of the investor is reported in the Lemma
below.

Lemma 1. In the �rst best case, for a given level of managerial overcon�dence
ψ, the investor chooses

αfb =
ψ

1 + ψ
, and

F =

(
1

a
V (a, efb) +

1

2a
log

(
1

1 + efbψ

)
− 1

a
log(Uo)

)
as the contract parameters.

Having solved for the optimal contract parameters and knowing the expected
utility function of the investor, it is natural to ask whether there is any bene�t
to hiring an overcon�dent manager?

Proposition 2. The expected utility of a rational investor is always increasing
in the level of managerial overcon�dence.

Intuitively since, for any given contract, an overcon�dent manager is always
going to choose a higher equilibrium e�ort, there should be bene�ts from hiring
an overcon�dent manager. But, an overcon�dent manager, due to his bias, will
always pick a riskier portfolio for any given signal i.e., when compared to a
rational person (see equation (8); θ(y) is increasing in ψ). Then why is it that
the investor is always better o� hiring an overcon�dent manager? The answer to
this lies in the fact that the neither the manager's e�ort choice nor his expected
utility is a function of the incentives in the contract. The only role that the
parameter α plays is in picking the quantity. In the �rst best case, by picking
an appropriate α the principal can implicitly choose the level of portfolio risk.
To see this, compute the quantity of risky asset that the principal will demand
in the event that he observes the signal himself. Given his expected utility
function, the optimal quantity is the following

12



θi(y) =
e

a(1− α)
y. (14)

Note, the above quantity is not a function of ψ since the manager is rational.
Now when α = ψ

1+ψ , like in Lemma 1, θi(y) = θ, the exact quantity that the
manager will pick. Higher equilibrium e�ort and the ability to pick the optimal
risky portfolio ensures that it is always optimal for the investor to hire an
overcon�dent investor in the �rst best case.

What about the level of risk in the portfolio? Do overcon�dent managers
invest a larger amount in risky asset? Odean (1998) and Daniel et al. (1998),
through their model, argue that when individuals/traders are overcon�dent they
trade more often and hold riskier positions. Barber and Odean (2001) and Grin-
blatt and Keloharju (2009) provide empirical support to these claims. Similar
to their �ndings, even in the case of delegated portfolio management the equi-
librium quantity of risky asset demanded by an overcon�dent manager is higher
than that demanded by a rational manager.

Proposition 3. The �rst best quantity of risky asset demanded by an over-
con�dent agent is always higher than the quantity demanded by the rational
manager.

Whether, the additional risk in the portfolio generates higher returns is an
empirical question. But, it is important to note that the outcome of Proposition
3 is optimal from the principal's perspective.

2.2 Second Best

Portfolio managers often don't make decision in an unconstrained way, as was
depicted in the �rst best case. Using data from SEC �lings, Almazan et al.
(2004) report that a vast majority of funds have a variety of constraints on the
portfolio holdings. Often there could be legislative reasons for such constraints
for e.g., section 12(d) 1 of the Investment Company Act of 1940, restricts the
ability of one investment company to invest in another. Regardless of the source
of the constraint, imposing such constraints can have profound e�ects on the
contracting decisions. Gómez and Sharma (2006) point to the importance of
these constraints in resolving the �no-incentive� result of the �rst best case.
Dybvig et al. (2010) also raise the importance of including trade restrictions
in studying the contracts of delegated portfolio management. In their model
they incorporate this idea by designing a contract, or mechanism, which would
induce the manager to reveal the true signal.

The important question here is how does this constraint a�ect the over-
con�dent managers? I follow Gómez and Sharma (2006), and introduce the
constraint by restricting the absolute value of the level of risky asset demanded
to a positive constant k in the following way

|θ(y)| ≤ k. (15)
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The value of k is exogenously speci�ed and is used here just to illustrate a point.
As k tends towards in�nity we would be back to the case of no constraints. The
demand function for quantity of the risky asset is no more a smooth function like
in the unconstrained case. Instead we now have a piecewise function depending
on the value of k

θ(y)


k y > kaα

ψe
ψe
aαy |y| < kaα

ψe

−k y < −kaαψe .
(16)

The manager can get the quantity of his choice as long as that quantity
corresponds to the signal in [−kaαψe ,

kaα
ψe ]. However, for any signal outside this

range i.e., y < −kaαψe and y > kaα
ψe the quantity demanded is restricted to −k

and k respectively.

2.2.1 Manager's Problem

From the manager's demand function, we can derive his unconditional expected
utility function.

Lemma 2. The unconditional expected utility function of the manager is given
by

E[UM ] = −exp(−aF + V (a, e)).g(e, ψ|α), (17)

with

g(e, ψ|α) = (
1

1 + ψe
)

1
2 Φ(

(kaα)2

ψe
) + exp(

(kaα)2

2
)(1− Φ(

(kaα)2

ψe
(1 + ψe)))

where Φ is the distribution function of a χ2(1) random variable.

The function g(e, ψ|α), in the expected utility function, now has two distinct
components. The �rst component corresponds to the set of signal within the
bounds where the overcon�dent manager is not a�ected by this constraint. The
second term relates to the those signals where the constraint is binding. Once
the principal has solved for the manager's expected utility function he would
like to understand the optimal e�ort level chosen. Following is the �rst order
condition for e�ort choice

V ′(a, e∗)g(e∗, ψ|α) + g′(e∗, ψ|α) = 0 (18)

where

g′(e, ψ|α) =
−ψ
2

(
1

1 + ψe

)3/2

Φ

(
(kaα)2

ψe

)
(19)
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The key distinction here, from the �rst best case, is that now g(e, ψ|α)
depends on α. This is one of the main contributions of Gómez and Sharma
(2006). Moreover, it can be shown that equilibrium e�ort for any given level of
overcon�dence is increasing in α.

Lemma 3. The manager's equilibrium second best e�ort is increasing in per-
formance adjustment fee α.

Credit for the proof of above lemma goes to (Gómez and Sharma 2006,
Lemma 1). The adaptation of their proof to the model presented in this paper
is provided in the Appendix.

In the presence of a constraint on the quantity demanded, there are two
opposing forces that in�uence the choice of e�ort for an overcon�dent manager.
As shown in �rst best case, overcon�dence leads to an increase in the amount
of e�ort because the manager perceives the marginal bene�t of his e�ort to be
high. However, also note that the signal space for which the manager can choose
the utility maximizing quantity is decreasing in the level of his overcon�dence.
This is evident from noticing that the measure of the set [−kaαψe ,

kaα
ψe ] decreases

as overcon�dence, ψ, increases. This implies that the unconditional probability
of an overcon�dent manager, when compared to a rational manager, to be at
the corner and be forced to pick −k or k is higher. This is bound to decrease
his expected utility. The intuitive response of the overcon�dent manager is
to then reduce the e�ort ex-ante. The tradeo� between these two e�ects will
determine the equilibrium level of e�ort. Following this line of thought also
provides an economic explanation for Lemma 3. As α increases, the measure of
set [−kaαψe ,

kaα
ψe ] also increases meaning that the set of possible signals for which

the manager can pick his optimal quantity is increasing. This in turn raises his
expected utility and hence induces higher e�ort.

Ideally, one would solve the �rst order condition in (18) to compute the opti-
mal level of e�ort. Unfortunately, it is extremely hard to compute an analytical
expression for the level of e�ort from (18). It is also not feasible to do any
comparative statics given that we already expect a non-monotonic relationship
between e�ort and overcon�dence. Therefore, I present a numerical solution for
the choice of e�ort.

Proposition 4. Due to higher perceived precision by the manager, the second
best optimal e�ort is increasing in overcon�dence until a point. However, as
overcon�dence increases beyond this level it has a negative impact on the second
best e�ort.

Figure 1 plots of the optimal e�ort as a function of overcon�dence. The plot
is generated by assuming values of 1, 1.25, and 0.2 for k, a, and α respectively11.
The concave down relationship between e�ort and overcon�dence meets the
intuition presented earlier regarding the two opposing e�ects of overcon�dence.

11The choice of these parameters have no bearing on the nature of relationship between
these two variables. Multiple values for these parameters have been tried and they all yield
very similar results.
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Figure 1: Optimal level of e�ort chosen by the manager as a function of the level of his overcon-

�dence is presented here. Eqn (18) presents the �rst order condition for e�ort. It has been solved

for e�ort by assuming values of 1, 1.25, and 0.2 for k, a, and α respectively at di�erent levels of

overcon�dence.

2.2.2 Investor's Problem and Numerical Results

Now, lets turn our focus to the investor's problem. It is important to note
that the above e�ort-overcon�dence relationship is a function of the incentive
parameter α, which is chosen by the investor. Lemma 3 asserts that the level
of managerial e�ort is an increasing function of α. Therefore by changing this
parameter investor can control the level of managerial e�ort and hence also the
portfolio risk. This is an important distinction from the �rst best case.

The risk averse investor will maximize his expected utility by choosing the
two parameters α and F , such that the reservation utility of the manager is
met. Earlier, in the �rst best case, it was assumed that all the managers have
the exact same reservation utility. An argument could be made that if an
overcon�dent manager perceives that the marginal bene�t of his e�ort is high
then he would also demand a higher compensation to be employed. In order
to address this concern I allow the reservation utility of the manager to be
an increasing function of the level of his overcon�dence. Following is the new
participation constraint

−exp(−aF + V (a, e)).g(e, ψ|α) ≥ −exp(−a · r(ψ)), (20)

where r(ψ) is the reservation wealth of the agent. The exact form of this function
is discussed below. For computing the contract parameters we have to specify
the investor's objective function.
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Lemma 4. Investor's second best unconditional expected utility function is given
by

E (UI) = −exp{aF} · f(α, e), (21)

where,

f(α, e) =

(
1

1 + eM (α)

) 1
2

Φ

(
(kaα)

2

eψ2

1 + eM (α)

1 + e

)
+

exp(
(ka (1− α))2

2
)

(
1− Φ

(
(kaα)

2

eψ2

(1 + em (α))
2

1 + e

))
.

Φ in above is the distribution function of a χ2(1) random variable. Given the
nature of the above expression, there are no closed form solutions for the contract
parameters α and F . However, it remains to ascertain whether it is bene�cial for
the investor to hire an overcon�dent manager. Therefore, I explore numerical
solutions. The objective is to choose the contract parameters that maximizes
the expected utility of investor subject to the participation constraint. Notice
that the agent's choice of e�ort is not a function of the �xed compensation F ; a
standard result in most principal agent models. Additionally, from (21) we know
that investor's expected utility is decreasing in F and from (20) that manager's
expected utility is increasing in the same. This means that the participation
constraint has to be binding at the optimum. So the investor's problem can
be reduced further to make it a function of only one choice variable α in the
following way

E (UI) = −exp{V (a, e) + a · r(ψ)} · g(e, ψ|α) · f(α, e). (22)

In order to proceed further with the numerical calculations, assumptions
regarding the values of a and k are to be made. Haubrich (1994) show that,
using a CARA utility function, relatively low levels of risk aversion is su�cient
to explain the empirical pay-performance relationship in CEO compensation.
Based on their �ndings I use the value of a = 1.25. However, I also report results
using other levels of risk aversion. These results are qualitatively very similar
to the base case. k is set equal to 1 for all further numerical computations.

The algorithm starts by creating a grid for the possible values of the incentive
parameter α, i.e., between 0 and 1. In each iteration one of the possible hundred
values of α is selected. Conditional on the chosen α, the next step involves
solving the manager's problem and evaluating the optimal e�ort. Subsequently,
for each pair of (α, e) and given level of overcon�dence, investor's expected utility
is computed using (22). Having evaluated the expected utility of the investor
over all the possible values of α, the �nal step is to choose the α that provides the
maximal expected utility. This procedure is then repeated for multiple levels
of managerial overcon�dence. The results of the numerical computations are
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reported in Table 1. Based on these �ndings the following proposition is in
order.

Proposition 5. Assuming a symmetric linear compensation structure for the
fund manager
a) It is always bene�cial for the risk averse investor to hire a moderately over-
con�dent manager in the second best case.
b) The level of portfolio risk is higher when an overcon�dent manager is hired.

Panel A - D of Table 1 present results to support the above proposition. The
four di�erent panels report results for each of the di�erent assumptions regarding
the reservation wealth. In Panel A it is assumed that the rational manager,
ψ = 1, desires 1% of wealth in expectation. It is further assumed that it increases
linearly in ψ. In a similar fashion, Panel B assumes that a rational manager
expects to earn 3% of the wealth as fees. In Panel C risk aversion parameter used
is changed. Finally in Panel D, I assume that the expected reservation wealth
increases quadratically. The �rst row in each of these panels report the Investor's
expected utility (IEU ) from hiring managers of di�erent overcon�dence. The
investor's expected utility is increasing in overcon�dence until a point and then
decreases as managerial overcon�dence is higher than this point. There are
two main e�ects of overcon�dence. First, it increases the level of equilibrium
second-best e�ort. Therefore for any given level of incentive compensation the
investor is better o� hiring an overcon�dent manager because the mean and the
precision of conditional return go up. Second, since the manager is overcon�dent
he is going to pick a quantity higher than what is appropriate conditional on his
signal. This decreases the investor's expected utility as it increases the variance
of the portfolio. In response, the investor increases the incentive parameter and
shares a higher percentage of the risk with the agent. The manager is willing
to take on this risk because in his perception, although biased, this increases
his expected utility. Increasing α also marginally reduces the quantity of risky
asset demanded (see eqn (16)). The role of increasing reservation utility is also
important. As overcon�dence increases it becomes increasingly expensive for
the investor to ensure participation and so the shape of the expected reservation
wealth function determines the extent of the bene�ts of hiring an overcon�dent
manager. The second row in all the panels of Table 1 detail the amount of money
that is invested in the risky assets.12 Consistent with the above intuition, we
see that overcon�dent managers invest a higher proportion of wealth in the
riskier asset. This result is qualitatively similar to the results of Palomino and
Sadrieh (2011), who also predict that overcon�dent fund managers hold riskier
portfolios, and to the empirical �ndings of Barber and Odean (2001), Barber and
Odean (2002), and Grinblatt and Keloharju (2009), who �nd that overcon�dent
individual investors hold riskier portfolios.

12Obviously, the proportion of wealth chosen to be invested in the risky asset is con-
tingent on the signal. �$ in risky� reported here is in expectational terms and is equal to

2∗(
´ kaα
ψe

0
ψe
aα
y.f(y)+k

´∞
kaα
ψe

f(y)). f(y) is the density function of the overcon�dent manager's

signal which is distributed N
(
0, 1+ψe

ψe

)
.
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Table 1: Investor's Expected Utility in Second Best Case

Results from the numerical computations for the second best case are reported here. Investor's
expected utility, IEU, is computed using eqn (22). Details of the exact algorithmic procedure
is presented in the main text of the paper. $ in risky, is the expected % of initial capital that
is invested in the risky asset by the manager. Performance adjustment fee, α, is the value of
the optimal contract parameter chosen by the investor. E�ort, e, is endogenously chosen by
the manager given the contract parameters. The degree of portfolio constraints is uniformly
set, k = 1. The values are reported for di�erent levels of overcon�dence parameter, ψ. Panel A
reports the values assuming that the reservation wealth of the manager is 1% of assets under
management and is linearly increasing in overcon�dence. The values are reported under the
assumption that the absolute risk aversion parameter for both the agents is 1.25. In Panel B
reservation wealth of the manager is assumed to be 3% of assets under management. In Panel
C values are reported assuming a risk aversion parameter of 2. In Panel D, it is assumed that
the reservation wealth increases quadratically in overcon�dence.

Value of overcon�dence (ψ)
1 1.5 2 2.5 3 3.5 4 4.5 5

Panel A: risk aversion parameter a = 1.25 - Linear 0.01
IEU -0.908 -0.875 -0.850 -0.830 -0.814 -0.800 -0.788 -0.779 -0.771
$ in risky 0.485 0.559 0.617 0.661 0.693 0.720 0.741 0.758 0.774
α 0.52 0.61 0.66 0.69 0.72 0.74 0.76 0.78 0.79
E�ort 0.156 0.194 0.217 0.230 0.240 0.246 0.250 0.253 0.254

Panel B: risk aversion parameter a = 1.25 - Linear 0.03
IEU -0.931 -0.909 -0.894 -0.884 -0.877 -0.873 -0.872 -0.872 -0.874
$ in risky 0.485 0.559 0.617 0.662 0.694 0.720 0.741 0.758 0.774
α 0.52 0.61 0.66 0.69 0.72 0.74 0.76 0.78 0.79
E�ort 0.156 0.194 0.217 0.230 0.240 0.246 0.250 0.253 0.254

Panel C: risk aversion parameter a = 2 - Linear 0.03
IEU -0.979 -0.965 -0.954 -0.947 -0.943 -0.942 -0.945 -0.949 -0.955
$ in risky 0.281 0.347 0.409 0.464 0.515 0.554 0.587 0.617 0.642
α 0.5 0.6 0.66 0.7 0.72 0.74 0.76 0.77 0.78
E�ort 0.112 0.151 0.179 0.199 0.212 0.222 0.229 0.234 0.238

Panel D: risk aversion parameter a = 1.25 - Quadratic 0.01
IEU -0.908 -0.883 -0.872 -0.870 -0.877 -0.893 -0.916 -0.949 -0.990
$ in risky 0.485 0.559 0.617 0.662 0.694 0.720 0.741 0.758 0.774
α 0.52 0.61 0.66 0.69 0.72 0.74 0.76 0.78 0.79
E�ort 0.156 0.194 0.217 0.230 0.240 0.246 0.250 0.253 0.254

19



The conventional view of a compensation contract is that it represents a
trade-o� between insurance and incentives. From the discussion above, the im-
portance of the role of the incentive parameter, α, is clear. As the manager's
overcon�dence increases he desires a higher compensation in terms of incentives
because in his assessment the probability of conditional returns being positive is
higher. Therefore, in order to ensure participation, the investor has to increase
α. This is feasible for the rational investor because this acts like an insurance
to him. Overall, in the equilibrium one expects to see α increase in the level of
managerial overcon�dence. However, not all mutual funds have a performance
adjustment component in their fee structure (see Ma et al. (2016)). The funds
that do not o�er incentive fee lack the mechanism to induce an overcon�dent
manager to employment. This variation in contract terms lead to the prediction
below.

Prediction 1: Managerial overcon�dence is predicted to be strongest in funds
that have a performance adjustment component in the compensation contract.

The �nal row in Table 1 reports the equilibrium level of e�ort chosen by
the manager. The chosen e�ort level is increasing across the di�erent levels
of overcon�dence. However, the reader should not construe this as a violation
of Proposition 4, which holds only ceteris paribus. As the incentive parameter
changes with each level of overcon�dence, so does the e�ort level. Note, the �rst
order condition for e�ort choice, eqn (18), is not a function of the reservation
utility, r(ψ). Therefore, the optimal e�ort is the same in Panel A, B, and D.

2.2.3 Role of risk aversion

In all the analysis above, I have assumed that the investor and the manager have
the same risk aversion levels. In order to highlight the role of overcon�dence and
the heterogeneity in beliefs of the investor and the manager, it was imperative to
eliminate the e�ects, if any, of the di�erences in risk aversion on e�ort choice and
portfolio formation. Here, I explore the contracting problem by allowing their
risk aversion levels to be di�erent. It is standard to assume that the manager is
more risk averse than the representative investor who represents the collection
of investors (see Gómez and Sharma (2006) and Palomino and Sadrieh (2011)).

From Grossman and Hart (1983) we already know that when the agent has
a CARA utility function, the loss to the principal on account of the moral
hazard is increasing in the agent's degree of absolute risk aversion. The proof
was provided for the case when there were two possible future states. Chade
and de Serio (2002) generalize the above result and provide a proof for any
�nite number of states of the world. Therefore, a priori, the expectation is
that investor's expected utility should go down as the manager's risk aversion
increases. I follow the numerical procedure detailed in Section 2.2.2 and analyze
the problem when there are di�erences in the risk aversion levels.

Having di�erences in the risk aversion levels is not going to a�ect the man-
ager's problem. However, the investor has to solve the following equation instead
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Table 2: Investor's Expected Utility - Di�erences in Risk Aversion.

Results from the numerical computations for the second best case are reported here. Investor's
expected utility, IEU, is computed using eqn (22). Details of the exact algorithmic procedure
is presented in the main text of the paper. $ in risky, is the expected % of initial capital that
is invested in the risky asset by the manager. Performance adjustment fee, α, is the value of
the optimal contract parameter chosen by the investor. E�ort, e, is endogenously chosen by
the manager given the contract parameters. The degree of portfolio constraints is uniformly
set, k = 1. The values are reported for di�erent levels of overcon�dence parameter, ψ. Panel A
reports the values assuming that the reservation wealth of the manager is 3% of assets under
management and it is linearly increasing in overcon�dence. The values are reported under the
assumption that the absolute risk aversion parameter for the investor is 1.25 and that for the
manager is 2.5. In Panel B reservation wealth of the manager is assumed to be 1% of assets
under management and that it increases quadratically in overcon�dence. Like in Panel A, the
absolute risk aversion parameter for the investor is assumed to be 1.25 and that for the manager
to be 2.5.

Value of overcon�dence (ψ)
1 1.5 2 2.5 3 3.5 4 4.5 5

Panel A: risk aversion parameter a = 2.5, b = 1.25 - Linear 0.03
IEU -0.983 -0.975 -0.971 -0.969 -0.970 -0.973 -0.977 -0.983 -0.990
E�ort 0.091 0.125 0.150 0.169 0.183 0.194 0.201 0.208 0.212
α 0.34 0.43 0.5 0.54 0.58 0.6 0.62 0.64 0.65
$ in risky 0.295 0.346 0.390 0.439 0.476 0.516 0.548 0.574 0.601

Panel B: risk aversion parameter a = 2.5, b = 1.25 - Quadratic 0.01
IEU -0.958 -0.948 -0.947 -0.954 -0.970 -0.994 -1.027 -1.069 -1.121
E�ort 0.091 0.125 0.150 0.169 0.183 0.194 0.201 0.208 0.212
α 0.34 0.43 0.5 0.54 0.58 0.6 0.62 0.64 0.65
$ in risky 0.295 0.346 0.390 0.439 0.476 0.516 0.548 0.574 0.601
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of eqn (22)

E (UI) = −exp{V (a, e)
b

a
+ b · r(ψ)} · g(e, ψ|α)

b
a · f(α, e), (23)

where,

m(α) =
b

a

(1− α)

α
ψ,

M(α) = m(α)(2−m(α)),

and,

f(α, e) =

(
1

1 + eM (α)

) 1
2

Φ

(
(kaα)

2

eψ2

1 + eM (α)

1 + e

)
+

exp(
(kaαm (α))2

2ψ2
)

(
1− Φ

(
(kaα)

2

eψ2

(1 + em (α))
2

1 + e

))
.

Table 2 presents the results in a manner similar to that presented in Table
1. The results are presented in a way that facilitates easy comparison. The
only way Panel A of Table 2 is di�erent from Panel B of Table 1 is that it
assumes that the manager's risk aversion coe�cient, a, is 2.5 instead of the 1.25.
Comparing these two tables one can observe that the investor's expected utility
(row 1) is lower for all levels of overcon�dence when the manager's risk aversion is
higher. A similar conclusion can be drawn by comparing Panel D of Table 1 and
Panel B of Table 2, where expected reservation wealth increases quadratically.
Other values for manager's risk aversion have also been tried and the results
are qualitatively similar. These results con�rm our earlier intuition about the
e�ects of di�ering risk aversion levels. Importantly, it still remains that the
investor's expected utility increases from hiring a manager who is moderately
overcon�dent.

2.2.4 Convex Contracts including Hedge Funds

A possible limitation of the above model is that it assumes linear contracts. In
the mutual fund industry it is common practice to provide convex or asymmet-
ric contracts to portfolio managers (see Ma, Tang and Gómez (2016)). This
structure implies that incentive fees are paid when the fund earns a positive
return but no money is deducted in the event of negative returns. Hedge funds
also use a similar type of compensation contract. Elton et al. (2003) �nd that
hedge funds never have the negative incentive fees and usually use zero as the
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reference benchmark.13 Given this compensation structure is it still pro�table
to hire an overcon�dent manager?

I present a simple two state scenario where the manager has a convex con-
tract. Using this set up I show that the earlier arguments, made using linear
contracts, continue to hold. Consider a two state economy where the risky asset
could either return x1 or −x1, where x1 > 0. The prior probability is that the
two states are equally likely. Similar to the earlier set up, the manager now ex-
erts e�ort and observes a signal regarding the future returns of the risky asset.
If the manager observes the signal, s1, then the probability of the future return
being x1 is given by p(ψ, e). Assume that the posterior probability is given by

p(ψ, e) =
1

2
+

1

2

ψ

1 + ψ

e

1 + e
. (24)

The posterior probability, p(ψ, e), is increasing in overcon�dence, ψ, and in ef-
fort, e and is higher than the prior probability of 0.5. This would also imply
that the probability of −x1 given s1 is less than 0.5. The wealth of the man-
ager in the two states would be F + βx1θ with probability of p and F with
probability (1− p). The di�erences in the payo� showcases the convexity in the
compensation.

A portfolio manager with a CARA utility function (like the negative expo-
nential) and normally distributed returns is similar to a mean-variance maxi-
mizer. Therefore, I assume that the the expected utility of the manager with
terminal wealth, W̃ , is given by

E(Um) = E(W̃ )− 1

2
a V ar(W̃ )− V (a, e). (25)

The �rst step in solving the manager's problem is to compute the proportion
of wealth invested in the risky asset. The optimal amount of risky portfolio is
given by

θ =
1

a (1− p)xβ
. (26)

The proof of the above follows much like the proof provided in Section A.1.
The quantity of risky asset demanded is contingent on the signal that is ob-
served. 1

a (1−p)x1 β
and − 1

a (1−p)x1 β
are the units of risky asset demanded when

the signals are s1 and −s1 respectively. Further, since p(ψ, e) is increasing in
both overcon�dence and e�ort, it is easy to see that the amount invested in
risky assets is also increasing in ψ, and e.

Having solved the investment problem, the expected utility of the manager
(given e�ort) is going to be

E(Um|e) = F +
p

2a (1− p)
. (27)

13Hedge funds use a fee structure that is commonly referred as Two and Twenty fees. More
speci�cally, the manager earns 2% of total asset value as a management fee and an additional
20% of any pro�ts earned.
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Eqn (27) can be further used to compute the optimal e�ort expended by the
manager. The �rst order condition for e�ort is the following

1

a

ψ(1 + ψ)

(1 + e+ ψ)2
− 2ae = 0. (28)

The crucial relationship is the one between managerial overcon�dence and
the level of e�ort chosen. De�ne the left hand side of the above �rst order
condition, eqn (28), as H. The partial derivatives of H with respect to ψ and e
are given by

∂H

∂ψ
=

1 + ψ + e+ 2ψe

(1 + ψ + e)3
> 0, and

∂H

∂e
=
−2ψ(1 + ψ)

a(1 + ψ + e)3
− 2a < 0.

Using the implicit function theorem we can conclude that managerial overcon-
�dence increases the endogenously chosen e�ort level ( ∂e∂ψ > 0) in the current
case of an unconstrained manager having a convex payo�. This result combined
with the implications of equation (26) ensure that the results presented in the
constrained case (Section 2.2) also hold for a manager with convex compensa-
tion.

3 Conclusion

It is well established that individuals are overcon�dent. Therefore, when the
principal chooses to align the interest of the agent to his interests he should
take agent's traits into account. With the exception of a few papers, most of
the literature ignores this aspect while designing the compensation contract.
Similarly, while studying behavioral biases it is imperative that we include in-
centives in our analysis.

In this paper, I study the problem of a principal who wishes to delegate the
responsibility of portfolio management to an agent. However, the principal is
aware that the agent he hires is overcon�dent and so has to chose an appropriate
compensation contract. Once the agent knows his incentives he chooses the
appropriate e�ort and also the portfolio risk level. In this framework, I evaluate
the implications of employment. The model shows that managerial e�ort as
a function of overcon�dence increases until a point. Thereafter, it decrease
on account of restrictions on agent's portfolio choices. The investor can gain
from commitment to such high e�ort as this increases the future conditional
expected return of the portfolio. But, additional e�ort also leads to incremental
risk taking. By providing appropriate incentives the investor can reduce the
level of portfolio risk to some optimal level. These gains are not unbounded. As
overcon�dence increases it becomes increasingly expensive to hire such an agent
until a point where the bene�ts outweigh the costs.
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Finally, the current static model does not account for a few interesting prac-
tical phenomenons. For e.g., it is fair to presume that agents learn from their
experiences. One should expect an overcon�dent manager to update his beliefs
over time, (Gervais and Odean (2001)), and reduce the di�erences in beliefs with
the principal. Compensation should also then dynamically adjust. The assump-
tion that the investor knows the exact level of agent overcon�dence could be
relaxed in a model where the investor also learns about the agent type over time.
Additionally, the size of the fund is exogenous in the current model. However,
investors choose to direct their �ows. Therefore it would also be important to
understand how the decision to direct money, into and out of funds, interacts
with managerial biases. These directions are interesting avenues for further re-
search.

A Appendix for Proofs

A.1 Optimal level of risky assets

The optimal quantity chosen is the solution to the following maximization prob-
lem

maxθ Em(U(Wm)) = maxθ Em(− exp{−aF − aθx̃|y}),

where x̃|y is the return distribution conditional on observing the signal y. Given
the distribution of x̃|y

Em(U(Wm)) = − exp{−aF} exp
{
−aαθy eψ

1+eψ + 1
2 (aαθ)2 1

1+ψe

}
and the �rst order condition for the quantity demanded θ is going to be

aαθ 1
1+ψe − aαy

eψ
1+eψ = 0.

This implies that the optimal level of risky assets in the portfolio is given by

θ =
eψ

aα
y. (a.1)

A.2 Expected Utility of the Manager

Knowing the quantity demanded by the manager, his expected utility given the
level of e�ort and the signal is given by

Em(U|y) = −E[exp{−aF − aαθ(y)x̃|y + V (a, e)}]

= −
ˆ ∞
−∞

exp{−aF − aαθ(y)x̃|y + V (a, e)}f(x|y)dx.
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f(x|y) is the conditional return distribution. The above integral is over all the
states that are possible after the portfolio has been picked. Simplifying the
expression further we have

Em(U|y) = −
ˆ ∞
−∞

exp

{
−aF − aαeψ

aα
yx̃|y + V (a, e)

}
f(x)dx

= − exp{−aF + V (a, e)}
ˆ ∞
−∞

exp{−eψyx̃|y}f(x)dx

= − exp{−aF + V (a, e)} exp

{
−eψy eψ

1 + eψ
y +

1

2

(eψy)2

(1 + eψ)

}

Em(U |y) = − exp{−aF + V (a, e)} exp

{
−1

2

(eψy)2

(1 + eψ)

}
.

The unconditional expected utility of the manager, which is the integral of above
with respect to all the possible signals is going to be

Em(U |e) = − exp{−aF + V (a, e)}E
[
exp

{
−1

2

(eψỹ)2

(1 + eψ)

}]

= − exp{−aF+V (a, e)}

√
eψ

1 + eψ

ˆ ∞
−∞

exp

{
−1

2

(eψy)2

(1 + eψ)

}
1√
2π

exp

{
− eψ

1 + eψ

y2

2

}
f(y)

= − exp{−aF+V (a, e)}

√
eψ

1 + eψ

ˆ ∞
−∞

1√
2π

exp

{
−1

2

eψ

(1 + eψ)
(y2eψ + y2)

}
f(y)

= − exp{−aF + V (a, e)}

√
eψ

1 + eψ

ˆ ∞
−∞

1√
2π

exp

{
−1

2
eψy2

}
.

For a random variable which is distributed N
(

0, 1
eψ

)
the following is true

ˆ ∞
−∞

f(y)dy =

ˆ ∞
−∞

1√
2π
eψ

exp

{
−1

2
eψy2

}
= 2 ∗

ˆ ∞
0

1√
2π
eψ

exp

{
−1

2
eψy2

}
dy.

Using the above expression we have

Em(U |e) = − exp{−aF + V (a, e)}2 ∗
√

1

1 + eψ

ˆ ∞
0

1√
2π
eψ

exp

{
−1

2
eψy2

}
dy.

At this point substitute s = eψy2. This substitution will give us 1
2eψyds = dy.

Also if y = 0 then s = 0 and if y =∞ then s =∞. Since y =
√

s
eψ we have
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Em(U |e) = − exp{−aF+V (a, e)}2∗
√

1

1 + eψ

ˆ ∞
0

1√
2π
eψ

exp
{
−s

2

} 1

2eψ
√

s
eψ

ds.

Em(U |e) = − exp{−aF + V (a, e)}
√

1

1 + eψ

ˆ ∞
0

1√
2π

exp
{
−s

2

}
s
−1
2 ds.

The term in the integral is the distribution function of the χ2(1) random variable

so
´∞

0
1√
2π

exp
{
− s2
}
s
−1
2 ds→ 1. Therefore the unconditinal expectation of the

portfolio manager is given

Em(U |e) = − exp{−aF + V (a, e)}
(

1

1 + eψ

)1/2

. (a.2)

A.3 Proof to Proposition 1

Equation (10), the �rst order condition for e�ort, can be written as the following

V ′(a, efb)−
ψ

2
(

1

1 + ψefb
) = 0

Let the function F be

F = V ′(a, efb)−
ψ

2
(

1

1 + ψefb
)

Based on the implicit function theorem we have that

∂e

∂ψ
= −

∂F
∂ψ

∂F
∂e

By de�nition of optimality we know that ∂F
∂efb

< 0. So, in order to prove the

proposition need to show that ∂F
∂ψ > 0. Di�erentiating F with respect to ψ we

have

∂F
∂ψ = 1

2

(
1

1+eψ

)
− ψe

2

(
1

(1+eψ)2

)
= 1

2

(
1

(1+eψ)2

)
>0.

Therefore we are done.

A.4 Investor's Expected Utility function

As mentioned in the main text, I am going to assume that the investor has the
same preferences as the manager; including the level of risk aversion. Using
the investor's conditional terminal wealth given in equation (3) the conditional
expected utility of the investor is going to be
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Ei(U |y) = −E
[
exp

{
−a(1− α)

eψ

aα
yx̃|y + aF

}]

= − exp{aF}
ˆ ∞
−∞

exp

{
−a(1− α)

eψ

aα
yx̃|y

}
f(x|y)dx

= − exp{aF} exp

{
− (1− α)eψ

α

e

1 + e
y2 +

1

2

(
(1− α)eψ

α

)2
y2

1 + e

}

= − exp{aF} exp

{
− (1− α)ψ

α

e2

1 + e
y2

(
1− 1

2

(
(1− α)ψ

α

))}
.

De�ne two new variables

m(α) =

(
1− α
α

)
ψ, and

M(α) = m(α)(2−m(α)).

Substituting these variables in the above equation we have

Ei(U |y) = − exp{aF} exp

{
− e2

2(1 + e)
y2M(α)

}
. (a.3)

We can now compute the unconditional expected utility of the investor by in-
tegrating over the range of possible signals y

Ei(U) = − exp{aF}
√

e

1 + e

ˆ ∞
−∞

exp

{
− e2

2(1 + e)
y2M(α)

}
1√
2π

exp

{
− e

1 + e

y2

2

}
dy

= − exp{aF}
√

e

1 + e

ˆ ∞
−∞

1√
2π

exp

{
− e2

2(1 + e)
y2M(α)− e

1 + e

y2

2

}
dy

= − exp{aF}
√

e

1 + e

ˆ ∞
−∞

1√
2π

exp

{
− ey2

2(1 + e)
(eM(α) + 1)

}
dy.

Substitute s = ey2

2(1+e) (eM(α) + 1) in the above equation. Simplifying it further

leads to the following expression for the investor's unconditional expected utility

Ei(U) = − exp{aF}
(

1

1 + eM(α,ψ)

)1/2

. (a.4)
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A.5 Proof to Lemma 1

In order to compute the contract parameters the investor has to solve a con-
strained optimization problem where the constraint is on participation given by
(13). The Lagrangian of the problem is the following

L = −eaF
(

1
1+efbM(α,ψ)

) 1
2

+ λ

(
− exp{−aF + V (a, efb)}

(
1

1+efbψ

) 1
2

+ U0

)
.

Notice that the participation constraint is not a function of α. We have the
following �rst order condition with respect to α

∂L
∂α = − exp{aF}(−1

2 )
(

1
1+efbM(α,ψ)

)3/2

efbM
′(α,ψ)=0.

Look in the proof of expected utility of the investor for de�nitions of m(α) and
M(α). The above condition is equivalent to

∂M(α,ψ)
∂α = 2ψ

α2 (m(α)− 1) = 0.

Solving the above equation for α

αfb = ψ
1+ψ .

The other �rst order condition is with respect to F ( ∂L∂F ) and is given by

−aeaF
(

1
1+efbM(α,ψ)

)1/2

+ λ

(
ae−aF+V (a,efb)

(
1

1+efbψ

)1/2
)

= 0

(
1+efbψ

1+efbM(α,ψ)

)1/2

= λe−2aF+V (a,efb)

taking the log of both sides we have

1
2 log

(
1+efbψ

1+efbM(α,ψ)

)
= log(λ)− 2aF + V (a, efb).

Notice that at the point of optimality

M(αfb) = 1
ψψ
(

2− 1
ψψ
)

= 1.

Substituting this is previous equation and solving for F will gives us

F =
1

2a

[
log(λ) + V (a, efb)−

1

2
log

(
1 + efbψ

1 + efb

)]
. (a.5)

However, this is still an unknown function of λ. Since the investor does not
gain from paying anything more than the reservation utility, the participation
constraint will be binding at the optimum. So the following equality should
hold
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exp{−aF ∗ + V (a, efb)}
(

1
1+efbψ

)1/2

= U0.

Expanding this further and taking the log of both sides we get

log(λ) =
1

2
log

(
1 + efbψ

1 + e∗

)
+ V (a, efb) + log

(
1

1 + efbψ

)
− 2 log(Uo). (a.6)

Substituting (a.6) in (a.5) we get

F =
[

1
aV (a, efb) + 1

2a log
(

1
1+efbψ

)
− 1

a log(Uo)
]
.

A.6 Proof to Proposition 2

From Lemma 1 we know the optimal contract parameters. Substituting them in
the expected utility function of the investor, equation (12), we get the following

EI(U) = −e[V (a,efb)−log(Uo)+ 1
2 log

(
1

1+efbψ

)
]
(

1
1+efbM(α,ψ)

)1/2

.

In order to determine if this function is increasing in overcon�dence, I di�eren-
tiate the above equation with respect to ψ. Below is the expression

∂
∂ψ

[
−eV (a,e∗)+ 1

2 log( 1
1+e∗ψ )

(
1

1+eM(α,ψ)

)1/2
]

= −eV (a,e∗)+log( 1
1+e∗ψ )

1
2 ∂
∂ψ

((
1

1+eM(α,ψ)

)1/2
)
−(

1
1+eM(α,ψ)

)1/2
∂
∂ψ

[
eV (a,e∗)+log( 1

1+e∗ψ )
1
2

]
.

Remember, M(αfb) = 1. Lets focus on

∂

∂ψ

[
eV (a,e∗)+ 1

2 log( 1
1+e∗ψ )

]
=

∂

∂ψ

[
eV (a,e∗)

(
1

1 + e∗ψ

) 1
2

]

=

[(
1

1+e∗ψ

) 1
2

eV (a,e∗) ∂V (a,e∗)
∂e∗

∂e∗

∂ψ + eV (a,e∗)
(
− 1

2

) (
1

1+e∗ψ

) 3
2
(
∂e∗

∂ψ ψ + e∗
)]

=

[(
1

1+e∗ψ

) 1
2

eV (a,e∗) ∂e∗

∂ψ

(
∂V (a,e∗)
∂e∗ − Ψ

2

(
1

1+e∗ψ

))
− eV (a,e∗) e∗

2

(
1

1+e∗ψ

) 3
2

]
.

Note, that the �rst order condition for e�ort(
∂V (a,e∗)
∂e∗ − Ψ

2

(
1

1+e∗ψ

))
= 0.

Therefore,
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∂
∂ψ

[
eV (a,e∗)+ 1

2 log( 1
1+e∗ψ )

]
= −eV (a,e∗) e∗

2

(
1

1+e∗ψ

) 3
2

< 0.

Also, since we already know that e�ort is increasing in overcon�dence, it has to

be that ∂
∂ψ

[(
1

1+e∗

)1/2
]
< 0. Therefore ∂EI(U)

∂ψ > 0 ∀ψ.

A.7 Proof to Proposition 3

From Lemma 1 we already know that αfb = ψ
1+ψ . We also know that the

quantity of risky asset demanded by the manager is given by θ(y) = eψ
aαy.

Substituting the value of αfb in the demand function we get that

θ(y) =
ey

a
(1 + ψ).

From the above equation it is clear that the equilibrium risky quantity is in-
creasing in ψ.

A.8 Proof to Lemma 2

Given the e�ort level and the signal observed the expected utility of the manager
hinges on the quantity demanded. We have the following expression for the
utility function

EM (U |y) = −E[exp{−aF − aαθ(y)x̃|y + V (a, e)}]

= −e−aF+V (a,e)

ˆ ∞
−∞

exp{−aαθ(y)x̃|y}f(x|y)dx.

For signals below the bound (y < −kaα
ψe )

∞̂

−∞

exp{aαkx̃|y}f(x|y)dx = exp

{
ψe(aαky)

1 + ψe
+

(kaα)2

2

1

1 + ψe

}

= exp

{
ψe

1 + ψe
kaα

(
y +

(kaα)

2ψe

)}
. (a.7)

For signals above the bound (y > kaα
ψe )

∞̂

−∞

exp{−aαkx̃|y}f(x|y)dx = exp

{
−ψe(aαky)

1 + ψe
+

(kaα)2

2

1

1 + ψe

}
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= exp

{
−ψe

1 + ψe
kaα

(
y − (kaα)

2ψe

)}
. (a.8)

For signals within the bound (|y| ≤ kaα
ψe )

∞̂

−∞

exp

{
−aαeψ

aα
yx̃|y

}
f(x|y)dx = exp

{
−(ψey)2

1 + ψe
+

1

2

(ψey)2

1 + ψe

}
= exp

{
−1

2

(ψey)2

1 + ψe

}
.

Now lets integrate over all possible signals and solve for the unconditional
expected utility of the manager. We still have to deal with the three regions
separately. For the signals below the threshold we get the following expression
as the share towards expected utility

−e−aF+V (a,e)

− kaαψeˆ

−∞

e{
ψe

1+ψekaα(y+
(kaα)
2ψe )}f (y) dy

where f (y) is the distribution function of a random variable which is distributed

N
(

0, 1+ψe
ψe

)
. Applying the normal distribution's density function to the above

equation we get

= −e−aF+V (a,e)

− kaαψeˆ

−∞

1√
2π

(
ψe

1 + ψe

)1/2

e
−y2
2 ( ψe

1+ψe )e{
ψe

1+ψekaα(y+
(kaα)
2ψe )}dy.

Using completion of squares we have

= −e−aF+V (a,e)

− kaαψeˆ

−∞

1√
2π

(
ψe

1 + ψe

)1/2

e{
−eψ

2(1+eψ)
(y−kaα)2}e

(kaα)2

2 dy.

Going to make a substitution s = eψ
1+eψ (y − kaα)

2
. It can be proved that

after this substitution the share of expected utility from the signal below the
threshold is given by

= −1

2
(e−aF+V (a,e))

(
e

(kaα)2

2

) ∞̂

(kaα)2

ψe (1+ψe)

1√
2π
e{−

s
2} 1√

s
ds.

The function in the integral is the probability density function of a χ2(1)
random variable. Let φ and Φ be the density density and the cumulative distri-
bution function of χ2(1) random variable. Also, one would get an exact same

32



equation for the part above the threshold. For brevity, I don't show that proof
here. Now, for the contribution of the part of the signal space which is within the
bounds (|y| ≤ kaα

ψe ). The expression below represents that part of the expected
utility.

−e−aF+V (a,e)

kaα
ψeˆ

− kaαψe

exp

{
−1

2

(ψey)
2

1 + ψe

}
f (y) dy

= −e−aF+V (a,e)

kaα
ψeˆ

− kaαψe

1√
2π

(
ψe

1 + ψe

)1/2

e
−y2
2 ( ψe

1+ψe )−
1
2

(ψey)2

1+ψe dy.

Substituting s = ψey2 we get the following

= −e−aF+V (a,e)

(
1

1 + ψe

)1/2

(kaα)2

ψeˆ

0

1√
2π
e
−s2
2

1√
s
ds.

Adding the three parts we get the following expression as the unconditional
expected utility of the manager

EUm = −e−aF+V (a,e)

[(
1

1 + ψe

) 1
2

Φ

(
(kaα)2

ψe

)]
+

− e−aF+V (a,e)

[
exp

(
(kaα)2

2

)(
1− Φ

(
(kaα)2

ψe
(1 + ψe)

))]
.

A.9 Proof to Lemma 3

Credit for the proof goes to Gómez and Sharma (2006). The result almost follows
from the Lemma 1 and Corollary 2 in their paper. Equation (18) describes the
�rst order condition for e�ort. Lets de�ne a function M as follows

M := V ′(a, e∗)g(e, ψ|α) + g′(e∗, ψ|α).

Then, using M and the implicit function theorem the proof would be com-
plete if we can show that ∂M

∂α < 0. This is true because by de�nition, ∂M∂e∗ > 0.

Further, using Lemma 1 in Gómez and Sharma (2006) ∂g(e∗,ψ|α)
∂α < 0. Also, from

the de�nition of g′(e∗, ψ|α) in equation (19), we can see that ∂g′(e∗,ψ|α)
∂α < 0.

Moreover, by assumption the e�ort function, V (a, e), is convex and increas-
ing function for all levels of e�ort therefore V ′(a, e∗) > 0. Using these facts,
∂M
∂α = V ′(a, e∗)∂g(e∗,ψ|α)

∂α + ∂g′(e∗,ψ|α)
∂α < 0.

This concludes the proof. On a related note, the proofs relating to the exis-
tence of a unique optimal second best e�ort, the continuity of the e�ort function
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with respect to α, and the di�erentiability of the e�ort function with respect to
α are all applicable to the model here just as they were in Gómez and Sharma
(2006).

A.10 Proof to Lemma 4

Note, the principal in this case is a rational person. Therefore, in evaluating
investor's expected utility rational beliefs should be used. Expected utility of
the investor given the e�ort level and the signal is

E (Ui |y , e) = −E [exp (−a (1− α) θx̃ |y + aF )] .

But the θ is dependent on the signal and on account of the constraints on hold-
ings, like the proof of Lemma 2, there are three distinct cases to deal with.

Conditional Expectation

For signals within the bound (|y| ≤ kaα
ψe )

E (Ui |y, e ) = −E
[
exp

(
−a (1− α) eψaαyx̃ |y + aF

)]
= − exp (aF )E

[
exp

(
−a (1− α) eψaαyx̃ |y

)]
.

Knowing the distribution of the x̃ |y , the above expectation can be written as
following

= − exp (aF )

[
exp

(
− (1−α)

α
e2y2ψ
1+e + 1

2

(
(1−α)
α

)2
e2ψ2y2

1+e

]
.

Simplifying this further we have

= − exp (aF )
[
exp

(
− (1−α)

α ψ e
2y2

1+e

(
1− 1

2

(
(1−α)
α

)
ψ
)]

.

Like before, let us assume m (α) = ψ (1−α)
α and M (α) = m (a) (2−m (a)) .

Then,

E (Ui |y, e ) = − exp (aF ) exp
(
− 1

2
e2y2

1+eM (α)
)
.

For signals below the bound (y < −kaα
ψe )

E (Ui |y, e ) = − exp (aF )E [exp (−a (1− α) (−k) x̃ |y )].

Evaluating the expectation we have the following

E (Ui |y, e ) = − exp (aF ) exp
(
ak(1−α)

1+e

(
ye+ 1

2ak (1− α)
))
.
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For signals above the bound (y > kaα
ψe )

E (Ui |y, e ) = − exp (aF )E [exp (−a (1− α) kx̃ |y )] .

Evaluating the expectation we get the following expresssion

E (Ui |y, e ) = − exp (aF ) exp
(
−ak(1−α)

1+e

(
ye− 1

2ak (1− α)
))
.

Unconditional Expectaion
Using the above computed conditional expected utility, now I am going to

compute the unconditional expected utility, which is taking the expectation over
all possible signals. Like before, there are going to be three di�erent regions over
which we need to integrate.
For signals within the bound (|y| ≤ kaα

ψe )

E (Ui |e ) = − exp (aF )

kaα
ψé

− kaα
ψe

exp
(
− 1

2
e2y2

1+eM (α)
)
f (y) dy,

where f (y) is the density function of the normal distribution given asN
(
0, 1+e

e

)
.

Using the distribution function of the gaussian random variable we get

= − exp (aF )

kaα
ψé

− kaα
ψe

exp
(
− 1

2
e2y2

1+eM (α)
)

1√
2π

(
e

1+e

) 1
2

exp
(
−y

2

2
e

1+e

)
dy.

Simplifying this further we get

= − exp (aF )

kaα
ψé

− kaα
ψe

1√
2π

(
e

1+e

) 1
2

exp
(
− 1

2
ey2

1+e (eM (α) + 1)
)
dy.

Notice that we have the density function of a
(

1
1+eM(α)

) 1
2

N
(

0,
(

1+e
e(1+eM(α))

))
distributed random variable in the above integral. Using the symmetry of the
Normal distribution we have

E (Ui |e ) = −2 exp (aF )

kaα
ψé

0

1√
2π

(
e

1+e

) 1
2

exp
(
− 1

2
ey2

1+e (eM (α) + 1)
)
dy.

Substitute s = ey2

1+e (eM (α) + 1) . Then, ds = 2ey
1+e (eM (α) + 1) dy. For the

limits of the integral: when y = 0 we have s = 0 and when y = kaα
ψe we

have s = (eM(α)+1)
1+e

(kaα)2

ψ2e . Using the above expression for s, we also get that

y = ±
(

(1+e)s
e(1+eM(α))

) 1
2

. Since in the above integral y is strictly positive we can

ignore the negative sign. Substituting this in the expectation we have
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E (Ui |e )

∣∣∣∣∣
|y|≤ kaαψe

= −eaF
(

1

1 + eM (α)

) 1
2

(eM(α)+1)
1+e

(kaα)2

ψ2eˆ

0

1√
2π

exp
(
−s

2

) 1√
s
ds.

The function inside the integral is the density function of a χ2 (1) random vari-
able. Let Φ represent the cumulative distribution of a χ2 (1) variable. So, for
this part we get

E (Ui |e )

∣∣∣∣∣
|y|≤ kaαψe

= −eaF
(

1

1 + eM (α)

) 1
2

Φ

(
(eM (α) + 1)

1 + e

(kaα)
2

ψ2e

)
. (a.9)

For signals below the bound (y < −kaα
ψe )

The expected utility of the investor in this region ignoring − exp (aF ) is

=

− kaα
ψe´
−∞

exp
(
ak(1−α)

1+e

(
ye+ 1

2ak (1− α)
))

1√
2π

(
e

1+e

) 1
2

exp
(
−y

2

2
e

1+e

)
dy,

=

− kaα
ψe´
−∞

1√
2π

(
e

1+e

) 1
2

exp
(
−1
2

e
1+e

(
y2 − 2ayk (1− α)− (ak(1−α))2

e

))
dy.

Multiply and divide the integral by exp
(
− 1

2
e

1+e (ak (1− α))
2
)
. Then for

the above equation we have

=

− kaα
ψe´
−∞

1√
2π

(
e

1+e

) 1
2

exp
(
−1
2

e
1+e

(
(y − ak (1− α))

2 − 1+e
e (ak (1− α))

2
))

dy,

= exp
(

(ak(1−α))2

2

)− kaα
ψe´
−∞

1√
2π

(
e

1+e

) 1
2

exp
(
−1
2

e
1+e (y − ak (1− α))

2
)
dy.

Now make the following substitution s = e
1+e (y − ak (1− α))

2
. Then ds =

2e
1+e (y − ak (1− α)) dy. Based on the above equation y = ±

(
1+e
e s
) 1

2 +ak (1− α) .
Since we are strictly restricting ourselves to the real line it has to be that
s > 0. Note, in this case using the negative part of the expression of y is
the only sensible thing to do since it is the only thing that will work when
y = −∞. For the limits of integral, when y = −∞ s =∞ and when y = −kaαψe
s = e

1+e

(
kaα
ψe + ka (1− α)

)2

. It can be seen that e
1+e

(
kaα
ψe + ka (1− α)

)2

can

be expressed as (kaα)2

ψ2e
(1+em(α))2

1+e . Making these substitutions we get the follow-
ing
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E (Ui |e )

∣∣∣∣∣
y<−kaαψe

=
1

2
exp

(
(ak (1− α))

2

2

) ∞̂

(kaα)2

ψ2e

(1+em(α))2

1+e

1√
2π

exp

(
−s
2

)
(−ds)√

s
.

This gives the expected utility for this region

E (Ui |e )

∣∣∣∣∣
y<−kaαψe

= −e
aF

2
exp

(
(ak (1− α))

2

2

)(
1− Φ

(
(kaα)

2

ψ2e

(1 + em (α))2

1 + e

))
.

(a.10)
For signals above the bound (y > kaα

ψe )

The expected utility of the investor in this region ignoring − exp (aF ) is

=
∞́

kaα
ψe

exp
(
−ak(1−α)

1+e

(
ye− 1

2ak (1− α)
))

1√
2π

(
e

1+e

) 1
2

exp
(
−y

2

2
e

1+e

)
dy

=
∞́

kaα
ψe

1√
2π

(
e

1+e

) 1
2

exp
(
− 1

2
e

1+e

(
y2 + 2 ya k (1− α)− (ak(1−α))2

e

))
dy.

Multiplying and dividing by exp
(
− 1

2
e

1+e (ak (1− α))
2
)
we get that above is

= exp
(

(ak(1−α))2

2

) ∞́
kaα
ψe

1√
2π

(
e

1+e

) 1
2

exp
(
− 1

2
e

1+e (y + ak (1− α))
2
)
dy.

Now make the following substitution s = e
1+e (y + ak (1− α))

2
. Then ds =

2e
1+e (y + ak (1− α)) dy. Based on the above equation y = ±

(
1+e
e s
) 1

2−ak (1− α) .
In this case using the positive part of the expression of y is the only sensible
thing to do. For the limits of integral, when y =∞ s =∞ and when y = kaα

ψe ,

s = (kaα)2

ψ2e
(1+em(α))2

1+e . Substituting these in the equation for expected utility we
have

E (Ui |e )

∣∣∣∣∣
y> kaα

ψe

=
1

2
exp

(
(ak (1− α))

2

2

) ∞̂

(kaα)2

ψ2e

(1+em(α))2

1+e

1√
2π

exp
(
−s

2

) 1

2
√
s
ds.

This gives the expected utility for this region

E (Ui |e ) = −e
aF

2
exp

(
(ak (1− α))

2

2

)(
1− Φ

(
(kaα)

2

ψ2e

(1 + em (α))2

1 + e

))
(a.11)

Adding these three parts up, eqn(a.9), eqn(a.10), and eqn(a.11), we have the
following expression for the overall unconditional expected utility
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E (Ui |e ) = − exp (aF ) f (α, e),

where

f (α, e) =

(
1

1 + eM (α)

) 1
2

Φ

(
(kaα)

2

ψ2e

(eM (α) + 1)

1 + e

)
+

exp

(
(ak (1− α))

2

2

)(
1− Φ

(
(kaα)

2

ψ2e

(1 + em (α))2

1 + e

))
.
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